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UNIPOTENT SPECTRA

SHUBHODIP MONDAL, TASOS MOULINOS, AND LUCY YANG

ABSTRACT. We introduce and develop the notion of “unipotent spectra.” This is
defined to be the stabilization of Toén’s category of affine stacks, and is related to
recent work of Mondal-Reinecke. Unipotent spectra give rise to unipotent stable
homotopy groups and unipotent homology, which are new invariants for schemes
valued in unipotent group schemes. As applications, we recover the Artin—-Mazur
formal groups associated to schemes without any vanishing assumptions. Further, we
show that syntomic cohomology admits a natural refinement to a perfect unipotent
spectrum. Finally, we extend Milne’s work on arithmetic duality theorems to the
category of perfect unipotent spectra and apply it to refine Poincaré duality in
syntomic cohomology.
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1. INTRODUCTION

1.1. Motivation & context. In [AM77], Artin and Mazur attached certain formal
groups to algebraic varieties. More precisely, for a smooth proper scheme X over a
perfect field k of characteristic p > 0, they attached certain formal groups ®"(X) for
r € N. In [AM77, Question (a)], they raised the question of constructing an object in
some derived category, which would be finer than the collection of ®"(X) for r € N.
As they pointed out, the construction of such an object would be quite subtle as one
would have to extend (or bypass) the work of Cartier on the theory of formal groups,
on which their work was based.

In a different vein, in [Mil76], Milne extended Poincaré duality from étale to syntomic
cohomology of smooth proper schemes over a perfect field k of characteristic p. A key
insight was that both finite groups and vector spaces over the ground field appear in
cohomology, so any such duality should simultaneously incorporate Pontryagin duality
for finite groups and linear duality over the base field k. By upgrading syntomic
cohomology to a functor landing in perfect unipotent group schemes, Milne was able to
establish such a setup.

In [MR23], a notion of unipotent homotopy group schemes was used to reconstruct
the Artin—-Mazur formal groups under certain strong vanishing assumptions. However,
the general situation was not addressed in [MR23]. The notion of unipotent homotopy
type in [MR23] of a scheme is based on Toén’s work on affine stacks. In view of the
representability results for affine stacks in [To€06], it is also natural to wonder whether
syntomic cohomology of smooth proper k-schemes can be studied using this formalism.
In this paper, both of these questions will be addressed by developing a framework of
unipotent stable homotopy theory.

With the above motivations in mind, we introduce the stable co-category of unipotent
spectra, which we propose as the categorical home for both Artin—-Mazur formal groups
and Milne’s duality results. Our key definition is the following:

Definition 1.1.1 (Unipotent spectra). Let AffSt 4, denote the co-category of pointed
affine stacks over a commutative ring A. Note that AffSt 4, is naturally equipped with
an endofunctor {2 determined by sending X — * X x *. We define Spg to be the inverse
limit of the tower of Z-indexed oo-categories

o AffSta, 5 AStA, — ...

We call the stable co-category Spg the category of unipotent spectra over A.

Remark 1.1.2. Our terminology is motivated by [MR23], where Mondal-Reinecke
developed the notion of unipotent homotopy theory: to every scheme X over k, the
authors attach an affine stack U(X) which is called the unipotent homotopy type of
X. When X is pointed and cohomologically connected, this allows one to consider
7, (U(X)), which is called the unipotent homotopy group scheme and denoted by 73 (X).
Under our assumptions, 77 (X) is a unipotent affine group scheme (possibly of infinite

n
type).

Remark 1.1.3 (Unipotent stable homotopy type). Any stack Y over k has a unipotent
stable homotopy type X°Y (see Definition 2.3.1), which is a unipotent spectrum. For



ARTIN-MAZUR FORMAL GROUPS & MILNE DUALITY VIA UNIPOTENT SPECTRA 3

n € Z, the object m,(X3°Y) is representable by a unipotent group scheme, which we
will call the nth unipotent stable homotopy group scheme.

We give some examples of unipotent spectra below.

Example 1.1.4. Given any spectrum E € Sp in the usual sense, there is a canonical
way to attach a unipotent spectrum EY € Spg, which can be regarded as a “unipotent
completion” of E. See Remark 2.1.9.

Example 1.1.5 (Example 2.1.16). Let G be a commutative unipotent affine group
scheme over a field k. Then there is an Eilenberg—MacLane unipotent spectrum G € SpkJ
over k associated to G; its nth space is the affine stack B"G := K(G,n).

Example 1.1.6. As a particular example of the above, let H be the fixed points of
the Frobenius endomorphism on the p-typical Witt vector ring scheme W. This is a
unipotent group scheme, which arises as the Cartier dual to the multiplicative formal
group @m The classifying stack BH arises as the generic fiber of the filtered circle
studied in [MRT22] and is an affine stack. The sequence of affine stacks obtained by
taking further deloopings { B"H}, -, defines a unipotent spectrum over k, denoted by

H, which plays the role of the unipotent completion of the Eilenberg-MacLane spectrum
HZ.

From a homotopy theoretic point of view, the role played by unipotent spectra can
be summarized by the following table, explaining the analogy with usual spectra in a
broader context.

Usual homotopy theory Unipotent homotopy theory
Spaces Affine stacks
(Homotopy) groups Unipotent (homotopy) group
schemes
Spectra Unipotent spectra
Chain complexes Z-modules in unipotent spectra

The notion of unipotent spectra also has other applications in the context of p-adic
cohomology theories of varieties over fields of characteristic p, as we indicate below.

Remark 1.1.7 (Constructible sheaves and unipotent spectra). Let X = Spec A for a
regular [F,-algebra A. Using a form of the Riemann-Hilbert correspondence, one can
show that the derived category of constructible F,-vector spaces DY (X¢t, Fp) embeds
inside F,-modules in SpY. However, the latter is much larger than Db, (X4, Fp). For
example, G, (or its perfection Ggerf) viewed as F,-module in SpY does not lie in the

essential image of the embedding of D% (X¢,Fp).

cons

Let us return for a moment to our goal of addressing [AM77, Question (a)] due to
Artin—Mazur, and mention some recent developments related to this story for additional
context. In [BO21], Bragg—Olsson proved that a suitable sheafification of the Artin—
Mazur formal groups are always pro-representable, a result previously obtained by
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Raynaud using different methods [Ray79]. We denote the representing pro-object by
®"(X)" and refer to it as the nth flat Artin-Mazur formal group. In the context of
Artin—Mazur formal groups, Mondal-Reinecke prove the following result:

Theorem 1.1.8 ([MR23, Theorem 1.0.9]). Let n > 1 be an integer. Let X be a pointed
proper scheme over an algebraically closed field k of characteristic p > 0 satisfying

(1.1.9) HY%X,0)~k, H(X,0)=0foral0<i<n, and H""(X,0)=0.

Let ®"(X) denote the n-th Artin—Mazur formal group defined in this context. Then if
n > 1, ®*(X) is naturally isomorphic to the Cartier dual 3 (X)Y of the n-th unipotent
homotopy group scheme of X. If n =1, ®*(X) is naturally isomorphic to (my (X)2P)V.

The work in our paper is partly inspired by the above homotopy theoretic reconstruc-
tion of Artin-Mazur formal groups. In view of Theorem 1.1.8, the authors in [MR23]
proposed the heuristic that the theory of Artin—-Mazur formal groups could be viewed as
a notion of homology theory for unipotent homotopy theory. In our paper, we will make
this precise and work within the framework of unipotent spectra to reconstruct the flat
Artin—Mazur formal groups in general without any cohomology vanishing assumptions
such as (1.1.9) above. As we will see, this requires a significant amount of additional
work and the idea of using the “coniveau filtration.”

1.2. Main theorems. Our first aim is to develop the foundations of unipotent spectra
and establish several general results that closely reflect the category of usual spectra.
Namely, we prove the following results.

Theorem 1.2.1. Let k be a field.

(1) The category of bounded below unipotent spectra over k admits a natural t-
structure whose heart is equivalent to the abelian category of commutative affine
unipotent group schemes over k (Corollary 2.1.13).

(2) The co-category of ind-unipotent spectra is equipped with a natural symmetric
monoidal structure that preserves small colimits separately in each variable (see
Corollary 2.2.23).

(3) The oco-category of bounded below unipotent spectra over k embeds fully faithfully
in the category of modules over a certain Eq-algebra in spectra given by the
endomorphism spectrum of G, (see Proposition 2.4.1).

(4) Let X be a pointed stack over k. The homotopy group schemes of the unipo-
tent spectrum X°°X recover the unipotent stable homotopy groups that can
be defined using the Freudenthal suspension theorem for affine stacks [MR23,
Proposition 3.4.10] (see Proposition 2.3.4). Namely, we have

mi(5%°X) o lim 7,41, (UX)*(X)).
k

With a view towards application to Artin—Mazur formal groups, we study the Z-
linearization of unipotent spectra, leading to the notion of unipotent homology.

Definition 1.2.2 (Unipotent homology). Let k be a field and X a stack over k. We
define the unipotent homology HY(Y) := YY ® Z of X to be the Z-linearization
of ¥°X. Let Y be a finite-dimensional scheme over k and y € Y be a point. In
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Definition 2.3.30, we introduce a local variant of unipotent homology which we denote
by Hgy(Yy). We denote m;(HI (Y)) (resp. m(HEy(Yy))) by HY(Y) (resp. Hgy(Yy)).

We prove the following profiniteness result for unipotent homology group schemes,
which can be viewed as an analogue of [MR23, Theorem 1.0.5].

Theorem 1.2.3. Let X be a stack over a field k of characteristic p such that H (X, O) is
a torsion ky[F]|-module for eachi > 0. Then HY(X) is a profinite unipotent commutative
group scheme for each i > 0 (see Proposition 2.5.28).

Next, we equip the unipotent homology HY(X) of a scheme X with a coniveau
filtration-which we denote by F*HY (X )-following work of Toén (see Definition 3.1.1).
We show in Proposition 3.1.7 that the graded pieces of this filtration can be described
as

(1.2.4) e HY () ~ ] HY.(X.),
zeX®

where X denotes the set of points of X of codimension i. Now the coniveau filtration
gives rise to the following “coniveau spectral sequence” (see (1.2.4))

L, J U U

By = H Hiy ;o (Xe) = Hij(X)
zeX®

whose Ei-page consists of unipotent group schemes. We prove the following result
generalizing the work of Toén for smooth schemes which relies on certain purity results.

Theorem 1.2.5 (Proposition 3.2.4). Let X be a finite-dimensional Cohen—Macaulay
scheme over k. Then its unipotent homology HY(X), equipped with the coniveau
filtration lies in the connective part of the Beilinson t-structure in the stable co-category
of Z-module objects in unipotent spectra over k.

Definition 1.2.6. One can define JU(X) := T?O(F*HE(X)), which has the natural
structure of a chain complex of commutative unipotent group schemes, since it lies in
the heart of the Beilinson t-structure. See Notation 3.2.7.

Using JY(X), we prove the following result regarding cohomology with coefficients
in a commutative unipotent group scheme, which generalizes a result of Toén in the
smooth case [Toé23, Proposition 3.7].

Theorem 1.2.7 (cf. Proposition 3.3.1). Let X be a Cohen—Macaulay scheme over a
field k. For any commutative unipotent group scheme G over k, we have an isomorphism

RHom p(yui) (J (X),G) = RT(X,G).

Here, D(Uni) denotes the derived category of the abelian category of unipotent commu-
tative group schemes over k.

Now, let X be a smooth proper scheme over k. Let (%)% denote the sheafification
of the functor ®% defined by Artin-Mazur (see Definition 4.0.1) for the fppf topology
on Artzp. Then Bragg—Olsson proved that (@&)ﬁ is pro-representable for every n. The
following result generalizes Theorem 1.1.8 without any vanishing assumptions and
recover the Artin—Mazur formal groups in general; this addresses [AM77, Question (a)]
due to Artin—-Magzur.
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Theorem A (Theorem 4.0.4). Let X be a smooth proper scheme over a perfect field
k of characteristic p > 0. Then for all i > 0, the Cartier dual of the flat Artin-Mazur
formal group (@&)ﬂ is canonically isomorphic to the unipotent group scheme E;’O,
arising in the second page of the coniveau spectral sequence.

One may compare Theorem A to Bloch and Ogus’s description of the Fo-page of the
coniveau spectral sequence in certain cohomology theories [BO74]. This also raises the
following question which is not pursued in our paper.

Question 1.2.8. Is there a classical description of the unipotent group schemes E;j for
j > 0 arising from the coniveau spectral sequence on unipotent homology of a smooth
proper scheme?

Let us now return to our other primary motivation: providing a natural framework
for Milne’s duality theorems. In order to do this, in Section 5, we introduce the notion of
perfect unipotent spectrum over a perfect field k of characteristic p > 0; this is defined
to be a spectrum object in the category of perfect affine stacks (see Definition 5.2.17).
In view of the equivalence between affine stacks and coconnective derived rings, the
category of perfect affine stacks corresponds to the subcategory of coconnective derived
rings on which the Frobenius map is an isomorphism. This implies that for a unipotent
spectrum to be perfect is a property, as opposed to any additional structure.

Now, similarly to Example 1.1.5, any perfect, unipotent, commutative affine group
scheme can be viewed as an perfect unipotent spectrum. In Definition 5.4.1, we isolate a
class of perfect unipotent spectra whose homotopy group schemes are perfect, unipotent
group schemes of quasi-finite type (see Section 5.1); such objects are called quasi-finite
type perfect unipotent spectra. We show that there is a good theory of duality for such
objects, which extends Milne’s duality [Mil76].

Theorem B. Let k be a perfect field of characteristic p.

(1) (Theorem 5.4.10) Let (F, — Mod, **")Pd denote the category of quasi-finite
type perfect unipotent F,-modules over k which are bounded with respect to
the t-structure on unipotent spectra. Then the functor

RHom(—,Z/p) : (F, — Mod(St;))° — F,, — Mod (Sty,)

restricts to an autoduality of (F, — Modg’perf’ft)bd.

(2) (Theorem 5.6.2) Let (Z — Mod}j’perf’&)bd denote the category of quasi-finite type
perfect unipotent Z-modules over k£ which are bounded with respect to the
t-structure on unipotent spectra. Then the functor

RHom(—,Qp/Zp) : (Z —Mod(Sty))°® — Z — Mod(Sty)
restricts to an autoduality of (Z — Modg’perf’ﬁ)bd.

Finally, we apply these ideas to syntomic cohomology, cf. [BMS19, IR83], of proper
varieties over k. Namely, we show the following.

Theorem C (see Section 5.5). Let X be a proper lci scheme of dimension d over a
perfect field &k of characteristic p > 0 and ¢ € Z. Then the functor determined by

SchP™ 5 S s Rlsyn(X x S,Z/p"(i)) € D(Z)
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is represented by a perfect unipotent spectrum over k, which we denote by Z/ p”(z)“Xm

Further, if X is additionally assumed to be smooth, Z/p" (i) is of quasi-finite type
and there is a natural isomorphism

Zfp" ()% = (Z/p™"(d — )R [-2d]

of perfect unipotent spectra, where the right hand side uses the notion of duality from
Theorem B.

Remark 1.2.9. In Section 5.7 we extend the equivalence of Theorem C to the p-
complete setting. Namely, we define full subcategory CP* 9t of p-complete unipotent
Z-modules consisiting of pro-quasi-finite objects, together with an involutive equivalence
D : cpro-aft —, (cpro-aftyor By definition, the functor determined by

SchP™ 5 5 RTsyn (X x S, Z,(i)) € D(Z)

is representable in this category, allowing us to extend the equivalence of Theorem C
beyond the p™ torsion case.

Our starting point for developing the oco-category of perfect unipotent spectra was
Breen’s results in [Bre06] on the vanishing of higher Ext groups of G, in the category
of F,,-module sheaves over the perfect site. Due to this, the study of perfect unipotent
oo-category of perfect unipotent Z and F, modules becomes much more tractable.
Indeed, the Artin-Schreier sequence

0—>Z/p—>@ai>(@a—>0,

allows us to control the behavior of the functor RHomy (—,Z/p). Given Milne’s work,
one may hope that this functor restricts to a duality on some subcategory of perfect
unipotent modules. This led us to the notion of a quasi-finite spectrum, which is exactly
the conditions needed to get the duality. The latter notion is formulated using perfect
quasi-finite type groups schemes, which has antecedents in the literature. Indeed, over
an algebraically closed field, an equivalent notion was introduced by Serre in [Ser60]
under the name quasi-algebraic group. Artin, in [Art74], following ideas of Grothendieck,
conjectured a duality in which Q,/Z,, played the role as a dualizing (ind)-object in some
derived category of quasi-algebraic quasi-unipotent groups, in which the flat cohomology
of a surface is representable. This was of course realized by Milne’s work in [Mil76]; as
we show, these phenomena all naturally live in our world of unipotent modules.

1.3. Outline. In Section 2, we develop the foundations of unipotent spectra. In
Section 2.1, we introduce the definition of unipotent spectra and prove the existence of
a certain t-structure. In Section 2.2, we construct and prove the existence of a natural
symmetric monoidal structure on the category of ind-unipotent spectra. In Section 2.3,
we begin applying our constructions to schemes. Namely, we discuss unipotent stable
homotopy types of schemes (Definition 2.3.1) and prove a result (Proposition 2.3.4)
relating unipotent stable homotopy groups with the unipotent homotopy group schemes
studied in [MR23]. Then we discuss unipotent homology in Definition 2.3.12 and prove
the profiniteness theorem (Proposition 2.3.28). We also introduce a local variant of
unipotent homology (Definition 2.3.30), which plays an important role in Section 3. In
Section 2.4, we prove the recognition theorem for unipotent spectra.
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In Section 3, we discuss the coniveau filtration on unipotent homology. In Propo-
sition 3.1.7, we describe the graded pieces of this filtration in terms of unipotent
local homology. We use this to deduce a certain purity property for Cohen—Macaulay
schemes in Proposition 3.1.9. In Section 3.2, we reformulate the latter result using
the language of Beilinson t-structures. In Section 3.3 we apply this to flat cohomology
of Cohen—Macaulay schemes with coefficients in unipotent group schemes and prove
Proposition 3.3.1.

In Section 4, these tools are then applied to the study of Artin—-Mazur formal groups,
where we prove Theorem 4.0.4 (Theorem A).

In Section 5 we introduce perfect unipotent spectra and prove Theorem B and
Theorem C. In Section 5.1 we introduce some preliminaries on (perfect) quasi-finite
type group schemes. In Section 5.2 we define perfect affine stacks and perfect unipotent
spectra. In Section 5.3 we prove a recognition theorem for perfect unipotent IF,-modules
and Z-modules, which plays an important role in the duality theory that we will establish.
In Section 5.4 we prove that linear duality on sheaves of IF,,-module spectra restricts to
a duality on the full subcategory of perfect quasi-finite type unipotent [F)-modules. In
Section 5.5 we show that mod p-syntomic cohomology (for any given weight) admits a
refinement to a perfect unipotent spectrum and describe how it behaves relative to the
aforementioned duality. In Section 5.6 we extend the duality to the full-subcategory
perfect quasi-finite type unipotent Z-modules, and study mod p™ syntomic cohomology.
Finally, in Section 5.7 we study this duality in the p-complete setting.

1.4. Notation & conventions.

(1) As in [Toé06] and [Lurl7], we work with a certain Grothendieck universe (con-
taining the set of natural numbers); to deal with the size-related aspects of
certain constructions, one sometimes needs to choose an enlargement of the
Grothendieck universe, which will be kept implicit in our paper, similarly to
[Lurl?].

(2) We freely use the theory of co-categories developed in [Lurl7]. We will implicitly
regard 1-categories as oo-categories via the nerve of §1.1.2 loc. cit. We let S
denote the oo-category of spaces and Sp denote the co-category of spectra. For
any presentable oo-category C, we use the notation Sp(C) to denote the stable
oo-category of spectrum objects in C. For E € CAlg(Sp), we let E — Mod(C)
denote the stable co-category of E-module objects in Sp(C). We let Map denote
the mapping space and RHom denote the mapping spectrum. In the relevant
set up, we let Map denote the internal mapping space and RHom denote the
internal mapping spectrum. For t-structures, we use the homological convention.

(3) For a discrete commutative ring A, we let Alg 4, denote the category of A-algebras
(in a certain Grothendieck universe). We let Sty denote the full subcategory
of Fun (Alg 4, S) on those functors which satisfy descent for the fpqc topology,
and call it the category of stacks over A. We let AffSt, denote the category
of affine stacks over A in the sense of [Toé06]. We use St to denote almost
finitary stacks over a field k (Definition 2.2.2).

(4) We let Spg denote the category of unipotent spectra in Construction 2.1.3, and
Spgf for the category of bounded below unipotent spectra (Notation 2.1.10). We
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let Spg’perf denote the category of perfect unipotent spectra (Definition 5.2.17).
For any By, ring E, we let E — ModY := E — Mod(SpY), which is called the
category of unipotent E-modules over A (Definition 2.3.9). We let Spg’pcrf’ft
denote the category of quasi-finite type unipotent spectra over a perfect field k
(Definition 5.4.1). We denote by E — 1\/[0d}i’perf and E — Modg’perf’lct the category

of E-module objects in Spg’perf’ and Spg’perf’ft, respectively.
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Mathew, Emanuel Reinecke, and Bertrand Toén for helpful conversations about the
ideas presented in this work. We would also like to thank Ben Antieau for helpful
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Institute for Advanced Study. During the preparation of this paper, S.M. was supported
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2. UNIPOTENT SPECTRA

2.1. Generalities on unipotent spectra. Let A be a fixed ordinary commutative
ring. We start by recalling the definition of affine stacks due to [To€06].

Definition 2.1.1. Let X € St4. We say X is an affine stack if there is an equivalence
of presheaves

X(_) = MapDAlgA (B7 _)
for some B € DAlg%™. Here DAlg%™ denotes the oo-category of coconnective derived
rings over A, equivalently the underlying oo-category of cosimiplicial commutative rings
over A by [MM24]. We let AffSt4 denote the category of affine stacks over A.

Remark 2.1.2. Note that AffSt4 is a category with all limits and colimits. Further,
the natural functor AffSt4 — St preserves all limits.

For the purposes of this paper, the category AffSt should be thought of as the
category of unipotent homotopy types over A.

Construction 2.1.3 (Unipotent spectra). We will construct the category of unipotent
stable homotopy types. For brevity, we will instead call them the category of unipotent
spectra and denote it by Spg. It is constructed as follows:

Let AffSt 4. denote the category of pointed affine stacks. We define SpYy to be the
inverse limit of the tower of Z-indexed oo-categories

.= AffSt 4. 5 AffSt g, — ... .

By [Lurl?7, Proposition 1.4.2.25], we may equivalently define SpY as the co-category of
spectrum objects in AffSt 4.

Remark 2.1.4. Given any stable presentable co-category C, the functor ¥5°: AffSt4 —

Spg induces an equivalence between exact colimit-preserving functors Spg — C and
colimit-preserving functors AffSt4 — C [Lurl7, Corollary 1.4.4.5].

Remark 2.1.5. Given a map of commutative rings A — B, the base change functor
(-®4 B): AffSt4 — AffStp preserves limits, whence it induces a functor Spg — Spg.

Remark 2.1.6. We can alternatively define the oo-category Spg as the opposite
category to the oco-category of cospectrum objects in coconnective derived rings over A,
in view of [Toé06, Corollaire 2.2.3] and [MM24]. This gives a purely algebraic description
for the co-category of unipotent spectra. However, the geometric perspective developed
in our paper will play a crucial role in elucidating this notion.

Remark 2.1.7. Let X be an oco-topos. Then a group-like E,-monoid in X is also
naturally a spectrum object of X'. However, AffSt 4. is not an oco-topos and this breaks
down. For example, the affine stack G,, can be given the structure of a group like
FEo-monoid in AffSt 4, but can not be given the structure of a unipotent spectrum by
Proposition 2.1.11.

By construction, Spg is a stable co-category. There is a canonical limit preserving
functor
Q> : SpY — AffSt4,.
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It follows from [Lurl7, Remark 1.4.2.4] that Spg is presentable and 2*° is accessible.
By the adjoint functor theorem, 2°° admits a left adjoint

¥ AffSt 4. — Sp.

Note that the canonical limit preserving functor 2 : Sp§ — AffSt also admits a left
adjoint, which we will denote by X5° : AffSt4 — Spg.

Remark 2.1.8. Let Sp(St4) denote the category of spectrum objects of the co-topos
St 4. By construction, we have a fully faithful limit preserving functor

SpY — Sp(St4).

The essential image is spanned by objects E € Sp(Sta) such that Q°"E := Q> (E[n])
is an affine stack for all n > 0 (equivalently, for all n € Z).

Remark 2.1.9 (Unipotent completion of ordinary spectra). Note that SpY — Sp(St)
admits a left adjoint (—)*: Sp(Sta) — SpY, which can be regarded as “unipotent
completion” of an object of Sp(St4). For any spectrum G € Sp, we can associate the
constant sheaf of spectra G € Sp(Sty ), whose unipotent completion GU is naturally an
object of Spg.

Notation 2.1.10. Let Spg_ denote the full subcategory of unipotent spectra over A
spanned by objects E such that m;(E) = 0 for i < 0. We will call this the category of
bounded below unipotent spectra, which is also a stable co-category with finite limits
and finite colimits.

Let us now specialize to the case where A = k is a field. We will show that in that
case, Spg_ admits a very well-behaved t-structure. First we note the following:

Proposition 2.1.11. Let k be a field. A bounded below object E' € Sp(Sty) is a unipotent
spectrum (i.e. belongs to the essential image of the functor described in Remark 2.1.8)
if and only if for all i € Z, m;(E) is representable by a unipotent affine commutative
group scheme over k.

Proof. Suppose that E € Sp(Sty) as in the proposition is a unipotent spectrum. Since
E is bounded below, for n > 0, we can look at Q°°(7>_,F)[n] € Sp(Stx), which is a
pointed connected affine stack. Therefore, its homotopy groups must be representable by
commutative unipotent affine group schemes. This implies that 7;(E) is representable
by commutative unipotent affine group schemes for any ¢ > —n, so in fact for all .
Conversely, under our assumptions on E, we need to prove that Q®°E is an affine
stack for all ¢ > 0. For n > 0, we note that Q°*°~"F, by assumption, is a pointed
connected stack whose homotopy sheaves are representable by unipotent affine group
schemes. Therefore, for n > 0, Q°°~" F is an affine stack. Applying the loop construction
repeatedly, we see that for n > 0, Q®°'F is an affine stack for all i < n, so in fact, for
all 7, as desired. ]

Proposition 2.1.12. Let k be a field. Let (Spgf)go denote the full subcategory of
(Spy ") spanned by K € (Spy~) such that Q= (K|[—1]) is contractible. Then (Sp;~)<o
determines a t-structure on (Spy ~), where the connective objects (Spy )0 are given by
Le (Spgf) such that w;(L) = 0 for i < 0. Moreover, this t-structure is left-separated.
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Proof. Note that for the t-structure defined as above, any object L € (Spg*) such that
mi(L) = 0 for i < 0 is connective. It suffices to prove that if L € (Sp; )0, then it
has the property that m;(L) = 0 for i < 0. Let n be the integer minimal with respect
to the property that n > 1 and m_x(L) = 0 for all ¥ > n. Such an n exists since L
is bounded below as an object of Sp(St,). It suffices to show that n = 1. Suppose
that n > 1. By construction, the mapping space Map(L, 7_(,,—1)(L)[—n + 1]) must be
contractible, since by Proposition 2.1.11, W_(n_l)(L) is a unipotent spectrum and n > 1.
However, Map(L, 7_,—1)(L)[-n + 1]) = Map(7_¢,—1)(L), 7_(n—1)(L)), so we conclude
that 7_(,_1)(L) = 0. But that contradicts the minimality of n, which finishes the proof.

Suppose we are given P € (Spg_)zo which is n-connective for all n. To show that
the t-structure is left-separated, it suffices to show that Q°°P is the trivial pointed

affine stack. However, this follows from hypercompleteness of affine stacks (see [MR23,
Remark 2.1.14]). O

Corollary 2.1.13. Let k be a field. The category of bounded below unipotent spectra
Spg_ is equipped with a natural t-structure (from Proposition 2.1.12) for which the
heart is equivalent to the category of commutative unipotent affine group schemes over

k.

We have seen that an object Y € Sp(Stx)>0 whose underlying stack is an affine stack
may not define an unipotent spectrum (e.g., one may take Y = G,;,). Below, we will
show that the only obstruction is due to 7y(Y") not being representable by a unipotent
affine group scheme.

Proposition 2.1.14. Let k be a field. Let Y € Sp(Sty) be such that QY is an affine
stack. Then m;(Y') is representable by unipotent affine commutative group schemes for
1> 0.

Proof. Follows from [Toé23, Lemma 4.3]. O

Corollary 2.1.15. Let k be a field. Let Y € Sp(Stx)>o be such that QY is an affine
stack and mo(Y') is representable by unipotent affine commutative group scheme. Then
Y s a unipotent spectrum.

Proof. Follows from Proposition 2.1.11 and Proposition 2.1.14. O

Example 2.1.16. Let G be a commutative unipotent group scheme over a field k.
Then the Eilenberg-MacLane stacks B"G := K(G,n) are all affine stacks for n > 1.
Since QB"G ~ B" '@, by Corollary 2.1.15 the sequence of affine stacks {B"G} >0

defines a unipotent spectra over k. We will simply denote this by G € Spg.

Proposition 2.1.17. Let k be a field. The category (Spg_)zo has all small limits and
the inclusion functor ¢: (Spg_)zo — Sp(Sti) >0 preserves small limits.

Proof. Let F: [ — (Spg_)zo be a diagram and let Y be the limit of this diagram in
Sp(Stx). We can think of Y as the data of an infinite loop object (..., Y5, Y7, Y)). By
construction, Y, is an affine stack for all n € Z, since affine stacks are closed under
limits. Note that Y,, = Q°°(Y[n]). By Proposition 2.1.14, it follows that m;(Y},) is
unipotent for ¢ > 0. The limit of the diagram F' in Sp(Sty)>0 is given by the infinite
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loop object (..., 7>2Y2, 7>1Y1, Yp). It suffices to prove that 7>,Y,, is an affine stack. For
n = 0 the claim follows directly. For n > 1, the stack 7>,Y,, is pointed, connected and
the homotopy sheaves are unipotent. By Corollary 2.1.15, each 7>,Y),, is affine, which
ends the proof. O

2.2. Symmetric monoidal structure on unipotent spectra. In this section, we
discuss the construction of a symmetric monoidal structure on ind-unipotent spectra.
We will work over a fixed base field k. Let AffSty, denote the category of pointed
affine stacks over k. First, we will explain how to equip AffSt,, with the structure of a
symmetric monoidal co-category. Next, we show that Ind (AffSty,) inherits a symmetric
monoidal structure which preserves all small colimits separately in each variable. Finally
we show that this endows the stabilization of Ind (AffSty.) with a symmetric monoidal
structure with the same property.

Note that the left adjoint to the inclusion AffSt;, — Stgs is not very well-behaved;
namely, it does not commute with finite products. This causes difficulties in showing
that the natural symmetric monoidal structure Stg, induces one on AffSty.. Let us
illustrate a related issue in the remark below.

Remark 2.2.1. Let X,Y € Stg, such that Y is affine. Then it is not necessarily
true that the mapping stacks Map(X,Y) and Map(U(X),Y) are isomorphic. The
issue originates from the fact that U(X X Spec A) is not in general isomorphic to
U(X) x Spec A; this can be seen by taking X to be an infinite disjoint union of Spec k.

Below, we will impose a certain general condition on X to resolve the issue in
Remark 2.2.1.

Definition 2.2.2. We call an object X € St; almost finitary if for all n, 7<, X is
generated by affine schemes under finite colimits in the category 7<,Sty. Let us denote
the full subcategory of Sty spanned by almost finitary objects to be Stzﬁn.

Proposition 2.2.3. The category Stzﬁn has finite colimits.

Proof. This follows from the definition since the functor 7<,, : Sty — 7<,,St;, preserves
colimits (being a left adjoint). O

afin

Proposition 2.2.4. The category St is stable under finite products.

Proof. Let X,Y € St Since 7<,, (X x Y) =~ 1<, X X 1<, Y, it suffices to show that
the full subcategory of 7<,,St; generated under finite colimits by affine schemes, which
we will denote by C, is closed under products. This essentially follows because colimits
in an oo-topos are universal and products of affine schemes are affine.

To this end, first we claim that if Z € C, then Z x Spec A € C. Note that the full
category C4 of 1<, Sty spanned by Zy € 7<, Sty such that Zy x Spec A € C contains all
affine schemes and is stable under finite colimits (taken in 7<,St;). By definition of C,
this implies that there is a natural embedding C C C4, which implies the claim.

Now we claim that for U,V € C, we have U x V' € C. Note that the full category
Cy of 1<, Sty spanned by Zj such that Zy x V' € C contains all affine schemes (by the
previous paragraph) and is stable under finite colimits. By definition of C, this implies
that there is a natural embedding C C Cy,, which implies the claim. This finishes the
proof. O
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Note that the category Sty, has a natural symmetric monoidal structure given by
the smash product X AY, defined as a pushout

XVY — %

L

XXxY —— XAY
where X,Y € Sty,.

Proposition 2.2.5. The unit of Sty belongs to Stzim. If XY € Stzg;in, then X NY €
StZi‘n. In particular, the smash product equips StZﬁn with the structure of a symmetric

monoidal co-category.

Proof. That the unit belongs to St is evident. That St3fi" is closed under the smash
product A follows from Proposition 2.2.3 and Proposition 2.2.4. The final part follows
from the previous statements and [Lurl7, Remark 2.2.1.2]. O

Remark 2.2.6. Note that the category Stzfjn is not closed under taking mapping stacks
in Stziin. The mapping stack Map (A,{:, A,lﬁ) can be identified with the ind-(affine) scheme
A which is not almost finitary.

Proposition 2.2.7. An affine stack X € AffSty is almost finitary. In other words, the

afin

inclusion AftSty, — Sty factors through the full subcategory Stj;

Proof. By the proof of [Toé06, Theorem 2.2.9], there exists a simplicial scheme X, =
Spec A, so that colimpaer Xo >~ X. Now for each n, 7<j, (colimpor Xo) = colimpop 7<p X
is equivalent to a finite colimit. O

Lemma 2.2.8. Let X € Sty and n > 0 be an integer. Then we have a natural
isomorphism

(2.2.9) m>0(RI'(X, O)[n]) ~ Map,_ g, (T<n X, K(Gq,n)).
Proof. Note that we have 7>o(RI'(X, O)[n]) ~ Mapg;, (X, K(Gg,n)). The lemma now
follows because K (Gg,n) is n-truncated. O

Remark 2.2.10. As a corollary, we obtain a natural isomorphism 7> (RI'(X, O)[n]) ~
7>0(RI (1< X, O)[n]).
Lemma 2.2.11. Let X € Sti. We have a natural isomorphism
lim RI(7<n X, 0) ~ RI'(X,0).
Proof. By Remark 2.2.10, ligcoﬁb(RF(TSnX, 0) — RI'(X,0)) ~ 0, which yields the

claim. n

Proposition 2.2.12. Let X € Stzﬁn and let Spec A be any affine scheme. Then we
have a natural isomorphism RI'(X,0) ®i A ~ RI'(X X Spec A, O).

Proof. Let C denote the full subcategory of 7<,St; generated under finite colimits by
affine schemes. We claim the following;:

o Let Y € C. Then
(2.2.13) T>_nRI(Y,0) ®p A~ 7>_n RI'(Y X}, Spec A, O).
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Let C4 denote the full subcategory spanned by objects Y of 7<,, Sty for which (2.2.13)
holds. Then C4 contains all affine schemes. Thus to prove our claim, it suffices to
prove that C4 is stable under finite colimits (taken in 7<,Stg). Let Y : I — Cyu
denote a finite colimit diagram. For i € ob(I), we use Y; to denote V(i) € C4. Let
Y :=colim;Y € 7<,,Sty. We wish to prove that Y € C4. By Lemma 2.2.8, we have

(2.2.14) T>0(RT(Y X}, Spec A, 0)[n]) ~ Map,_ g, (Y X, Spec A, K(Gq,n)).
Using that colimits are universal in 7<,Sty, we have

(2.2.15) Map,_, g, (Y xj, Spec A, K(Gq,n)) =~ IZIGIIII Map,_ s, (Yi Xj Spec A, K(Ga,n)).

Now we note that
l.iEHIl Map,_ g, (Yi x) Spec A, K(Gq,n)) =~ l‘ieHIl 7>0((RT'(Y;, O) @k A)[n])
(S -

= (henll MapTSnStk (}/tla K(Ga7 n))> ®r A

~ Map,._ g, (Y, K(Gayn)) 0 A
~ TZ()(RF(Y, (’))[n]) R A.

In the above, the first isomorphism uses the hypothesis that Y; € C4, the second one
uses that the functor (-) ®j A is essentially a filtered colimit (since we are working over
a field) and filtered colimits commute with truncation and finite limits, the third and
fifth one uses Lemma 2.2.8 and finally the fourth one simply uses that Y ~ colim;c1);
in 7. SnStk.

Combining the above chain of isomorphisms with (2.2.18) and (2.2.19) we see that
Y satisfies (2.2.13), i.e., Y € C4. This proves our claim that if Y € C, then Y satisfies
(2.2.13).

Now, for X € Stzﬁn, note that by Lemma 2.2.11, we have RI'(X Xy Spec 4,0) ~
hﬂn RI'(1<pX xj Spec A, O), which is naturally isomorphic to hﬂn T>_n RT (T<n X X
Spec A, O). By the claim we proved above, since 7<, X € C, we have

TZ_nRF(TSnX Xk Spec A, O) ~ TZ_nRF(TSnX, O) R A.
By taking filtered colimit over n and using Lemma 2.2.11 again, we obtain

RI(X xp Spec A,0) ~lim 7> RI'(7<n X X}, Spec 4, 0)
~ hETzfnRF(TSnX, O) Rk A
~ RI'(X,0) ®; A.
This proves the proposition. O

Proposition 2.2.16 (Kiinneth formula). Let X, X’ € St Then we have a natural
isomorphism RT'(X,0) ®y RT'(X',0) ~ RT'(X x;, X', O).

Proof. Let C denote the full subcategory of 7<,,St) generated under finite colimits by
affine schemes. Let X € Stzﬁn be fixed as in the proposition. We claim the following;:
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o Let Y € C and A := RI'(X,O). Then the natural map
(2.2.17) TZ—n(TZ—nRF(K O) Rk TZ_nA) — TZ_nRF(Y X X, O)

is an isomorphism.

Let Cx denote the full subcategory spanned by those objects Y of 7<,,St;, for which
the natural map (2.2.17) is an equivalence. By Proposition 2.2.12, Cx contains all affine
schemes. Thus to prove our claim, it suffices to prove that Cx is stable under finite
colimits (taken in 7<,Sty). Let Y := colim;Y; € 7<,Stg, where Y; € Cx. We wish to
prove that Y € Cx. By Lemma 2.2.8, we have

(2.2.18) T>0(RI(Y x; X, 0)[n]) ~ MapTSnStk (Y xp X, K(Gg,n)).
Using that colimits are universal in 7<,St;, we have

(2.2.19) Map,_ g, (Y xp X, K(Gq,n)) = IZIEIIII Map._ s, (Vi X X, K(Gq,n)).

Now we note that

limMap-_, s, (Yi X X; K(Ga, 1)) = I 720 ((72—n RT (Y, O) @ 7>-nA)[n])
>~ T>( <R lim (T> nRP(Y;, O) Rk (7‘> nA)[n]))
<RhmT> 2RT(Y;, O)[n }) R 7'>nA>

v
oty 05.000) )
(

~ 7
20 lzIEHII Ma'p7'< Sty (YU K(Ga7 n))) Qk TZ—RA>
Z Map7'<nstk (Y K(GC“ n)) ®k T> nA)

>~ 750 (T>0(RI(Y, O)[n]) @k 7>-nA)
~ 7>0((T>—n RI(Y, O0) @ T>_nA)[n]),

where the first isomorphism follows from our hypothesis that Y; € Cx, the second
isomorphism uses that connective cover is a right adjoint (R lim denotes limits in spectra),
the third isomorphism uses that finite limits in spectra commute with tensor products,
the fourth isomorphism uses that tensor product of coconnective objects are coconnective
(since we are working over a field), the fifth and seventh isomorphisms follows from
Lemma 2.2.8, the sixth isomorphism uses the hypothesis that Y := colimY; € 7<,Sty,
and the last one is clear. This proves that the natural map (2.2.17) is an equivalence.
Now the proposition follows in a way entirely similar to the last paragraph in the proof
of Proposition 2.2.12 by noting that 7<, X’ € Cx. This finishes the proof. g

Proposition 2.2.20. Let X, X’ € Stn. Then the canonical map U(X x X') —
U(X) x U(X') is an equivalence which is moreover natural in X and X'.

Proof. Follows from Proposition 2.2.16. U
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Proposition 2.2.21. Let L : Stzim — AffSty. denote the left adjoint to the inclu-
sion functor (see Proposition 2.2.7). Then for any X,Y € Stzf;‘n, we have a natural
isomorphism

LIXANY)~L(XANL(Y)).

Proof. By adjunction it suffices to check that for any Z € AffStg,, the map
Map(X AY,Z) — Map(X AN L(Y'), Z)

induced by the counit L(Y) — Y is an equivalence, where the mapping spaces can be

taken in Stg,, which naturally contains Stzgn. Note that by construction, the monoidal

structure on St is compatible with the (closed) monoidal structure on Sty.,. Therefore,

we have
Map(X AY, Z) ~ Map(X, Map(Y, Z)).
By Proposition 2.2.20, L(Y') — Y induces an equivalence
Map(X, Map(Y, Z)) ~ Map(X, Map(L(Y), Z)).

However, the right hand side is naturally equivalent to Map(X A L(Y'), Z). This finishes
the proof. ]

Proposition 2.2.22. There is a natural symmetric monoidal structure on AffSty, such
that the left adjoint L = Stii — AffSty, to the inclusion (see Proposition 2.2.7) is
symmetric monoidal, where the symmetric monoidal structure on the former is from
Proposition 2.2.5. In particular, the symmetric monoidal structure on AffSty, preserves
finite colimits separately in each variable.

Proof. Let L' denote the composite functor St2fin L AffSty, — St Then L' is a
localization functor in the sense of [Lurl7, Example 4.8.2.3]. The claim now follows
from Proposition 2.2.21 and [Lurl7, Proposition 2.2.1.9] (also see Example 2.2.1.7 loc.
cit.). O
Corollary 2.2.23. Let k be a field. Then

(1) the co-category Ind (AffStg.) has a symmetric monoidal structure which preserves
small colimits separately in each variable.

(2) the stable co-category Sp Ind (AffSty.) has a symmetric monoidal structure which
preserves small colimits separately in each variable.

Proof. The first point follows from Proposition 2.2.22 and [Lurl7, Corollary 4.8.1.14(2")].
The latter point follows from the former and [Lurl7, Propositions 4.8.2.7 & 4.8.2.18]. O

2.3. Unipotent homology and a profiniteness theorem. Note that the functor
2°° : Sp(Stx)>0 — Sty preserves limits, so by Proposition 2.1.17, the composite functor

(Spy ")>0 — St
also preserves limits. Therefore, there is a left adjoint
E(f 1 Sty — (Spgi)zo.
Similarly, there is a left adjoint

3% Stpe — (Sp}g*)zo.
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Definition 2.3.1 (Unipotent stable homotopy type). Let Y € St;. Then we call XY
the unipotent stable homotopy type of Y.

Definition 2.3.2 (Unipotent stable homotopy groups). Let Y € Sty (resp. Y € Sty).
By Proposition 2.1.11, m;(X°Y) (resp. m;(X°°Y)) is represented by a commutative
unipotent affine group scheme for all ¢ > 0. We call these the unipotent stable homotopy
groups of Y.

Remark 2.3.3. Let Y € Sti. Let U(Y') denote the unipotent homotopy type of Y in
the sense of [MR23, §3]. Then we have a canonical isomorphism (E?fY)u ~ ¥UY).
This holds because the diagram of right adjoints

Sp(Sty) —X— Sty

I |

(Spg_ ) >0 — AffSty
commutes.

Now, let Y € Stg, be a pointed n-connected stack for n > 0. Then by the Freuden-
thal suspension theorem for affine stacks (see the first part of the proof of [MR23,
Prop. 3.4.10]), it follows that for i < 2n, the natural map ¥ — QU(XY’) induces an
isomorphism

WZ(Y) — Ti+1 (U(EY))

Therefore, for any Y € St and i € Z, the direct system of homotopy group schemes
{mitr(UD)FY)} ., 18 constant for & > max {i + 2,0} . Therefore, one may define

w2 U(Y) = i (US)E(Y)).
k

By definition, it follows that Wft’U (Y)=0 fori<0.

Proposition 2.3.4. For any pointed stack Y over a field k, we have a natural isomor-
phism of unipotent group schemes

YY) ~ (V).

7

Proof. By Remark 2.3.3, we may without loss of generality assume that Y is an affine
stack. Let u : Spec A — Speck be a map of affine schemes. Note that by the adjoint
functor theorem, the category of unipotent spectra Spg can be equivalently described
as the colimit of the following Z-indexed diagram

(2.3.5) .= AffSta, 2 AFSta, — ...

Let 'X%° : AffSty, — Sp},cJ denote the functor that sends a pointed affine stack to the
zeroth level of the above diagram. By construction, it follows that '¥°° admits a right
adjoint which is given by Q° : Sp,lcJ — AffSty,. Further, we claim that there is a
commutative diagram of the following form:
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AffSt 4, — U= 5 AffSt 4,
(2.3.6) (-)XSpecAT T(-)XSpecA

To this end, note that for any pointed stack Y, we have X(Y xSpec A) ~ (£Y") xSpec A.
Further, if Y is an affine stack, by Proposition 2.2.3, XY is a pointed almost finitary
stack. Therefore, by Proposition 2.2.20, we have U((XY") x Spec A) ~ (UXY') x Spec A.
This checks the existence of the above commutative diagram. The above diagram
induces a functor

u* : Spy — SpYy
which corresponds to taking the pullback when we view unipotent spectra as certain
sheaves of spectra on the sites Aff 4 and Affy respectively. Our discussion implies that

(2.3.7) W (EXY) &~ ('S¥(Y x Spec A)).

Let us denote F := 'X>°Y. We will show that Wft’U(Y) ~ 7;(F). To this end, note that
m;(F) is the sheafification of the group valued presheaf on Aff; that sends

Spec A = moMapg,u (SY[i], u* F),

where SU denotes the unipotent completion of the sphere spectrum (see Remark 2.1.9).
By (2.3.7), we have

moMapg,v (SV[i], u* F) ~ moMapg,u (SY[4], "£°(Y x Spec A)).

By the description of the category Spg from (2.3.5), the right hand side above is
equivalent to

lim 7o Mapags,, (U(S™F), (US)*(Y x Spec A)).
k

By (2.3.6) and adjunction, the above is equivalent to
lim moMaps, ,_ (5%, (UZ)H(Y) x Spec A).
k

Since sheafification is a left adjoint, it follows that 7;(F) is equivalent to the following
direct limit (in the category of sheaves)

lig i1 ((US)(Y)).
k

However, by the discussion before Proposition 2.3.4, the above direct system is ind-
constant; further, the direct limit is naturally isomorphic to Wft’U(Y). This shows that
W,?t’U(Y) ~ 7;(F), as desired. Finally, the latter isomorphism implies that m;('X>°Y) = 0
for i < 0, i.e., 'X°°Y is connective for the t-structure in Proposition 2.1.12. By the
property of adjunction, it follows that XY ~ XY, This gives ﬂft’U(Y) ~ m;(X°Y),
which finishes the proof. U
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Remark 2.3.8. Let L : Sp(Stg)>0 — (Spg*)zo denote the left adjoint of the functor
in Proposition 2.1.17. Let G be a commutative affine group scheme over a field &
viewed as an object of Sp(Sti)>o. Then L(G) ~ G"™, where G"™ denotes the universal
unipotent, commutative group scheme that receives a map from G. We sketch the
argument. By considering the kernel of the (surjective) map G' — G"™ one can without
loss of generality assume that G is such that G'"™ = 0. It would suffice to prove that
L(G) ~ 0. By regarding the spectrum G as an infinite loop object (..., B’G, BG,G),
it would suffice to show that U(B"G) ~ Speck for n > 1. This amounts to showing
that RI'(B"G,O) ~ k for n > 1. Applying descent along * — B"G, we reduce checking
the latter claim to n = 1. Moreover, by base change, we can assume that the field k is
algebraically closed. In that case, the group scheme G must be multiplicative which
allows us to further reduce to the cases when G = G,, or G = u, for n € N. In these
cases, QCoh(BG) identifies with Z or Z/nZ graded k-vector spaces, which implies that
the global section functor is exact. This shows that RI'(BG, Q) ~ k, which finishes the
argument.

Definition 2.3.9. The category Spg is a presentable stable co-category. In particular,
for any Eoo-ring spectrum E, one can talk about the category of (left) F-modules in
SpY ([Lurl?7, Definition 4.2.1.13 & Remark 4.8.2.20]). We will denote this category by

E—ModY, and call it the category of unipotent E-modules (over A).

In what follows, we will be most interested in the case when E' = Z or E = Z/p, and
when A is a field k. Note that there is a natural limit-preserving functor

Z—Mod} — Spy.
Define the full subcategory of Z—ModkJ denoted by Z—Modg* which is spanned by
objects whose underlying unipotent spectrum is bounded below. Define the full sub-
category of Z—Modg_ denoted by (Z—Modg_) >0 which is spanned by objects whose
underlying unipotent spectrum is connective. Similarly, define the full subcategory of

Z—Mod}cJ denoted by (Z—Modg_)go which is spanned by objects whose underlying
unipotent spectrum is coconnective.

Example 2.3.10. Let G be a commutative unipotent group scheme over a field k.
Then the unipotent spectrum G over k of Example 2.1.16 admits a canonical lift to
unipotent Z-modules.

Proposition 2.3.11. The pair <(Z—Modg_>>0 , (Z—Modg_)q)) define a t-structure

on Z—Modg_.
Proof. Similar to Proposition 2.1.12. O

There is a natural limit-preserving functor

(Z—Modg*)zo s Sty

whose left adjoint will be denoted by HY(-).
Definition 2.3.12 (Unipotent homology). Let Y € Stj. We will call
HY(Y) € (Z—Mod} ™) >o
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the unipotent homology of Y. If (Y,y) is a pointed stack over k, then the reduced
unipotent homology of Y is the cofiber HJ(Y) := cofib (HY ({y}) = HZ(Y)).

For each i > 0, the unipotent group scheme m;(HY(Y)) will be denoted by H(Y)
and will be called the i-th unipotent homology group scheme of Y.

Since Z—ModkJ is a (Z-linear) stable oo-category, for M, N € Z—Mod}, there is a
natural mapping (Z-module) spectrum that we denote by RHom(M, N). If G, H are com-
mutative unipotent groups over k, regarded as unipotent Z-modules via Example 2.3.10,
we will write Ext’(G, H) for 7_; RHom(G, H).

Proposition 2.3.13. Let Y € Stg. Let G be a commutative unipotent group scheme
over k, which we regard as a unipotent Z-module via Example 2.3.10. Then we have a
natural isomorphism

RHom (H/(Y),G) ~ RT (Y, G).
Proof. For n > 0, we have
Mapgy, (Y, K (G, n)) = m>0(RL (Y, G)[n]) =~ Q" RE (Y, G).
By adjunction, we have

Map(z_ytoa?) (HP(Y),G[n]) ~ Mapg,u (2°Y,G[n]) ~ Mapg;, (Y, K(G,n)).

>0
This implies that RHom(HY(Y), G) ~ RT (Y, G), as desired. O

Remark 2.3.14. Using Proposition 2.3.13 and the Postnikov filtration on HY(Y’), one
can obtain a new filtration on RI'f;(Y, G), which we call the “homology filtration”. This
gives a (cohomological) spectral sequence

(2.3.15) Ep? = Ext? (H)(Y),G) — H{(Y,G).

Remark 2.3.16. Let Y = Speck € Sty, where k is a field of characteristic p > 0. By
universal properties, it follows that HY (Speck) ~ L(Z) ~ Z" ~ 7, (see Lemma 2.3.27).
Here, Z,, is thought of as the profinite group scheme @Z /pF7Z. In particular, we see
that Ext’(Z,, G,) ~ H(Speck, O), which is zero for i > 0. If k is assumed to be of
characteristic zero, then HY(Speck) =~ Z"™ ~ G,.

Remark 2.3.17. Let k be a field of characteristic p. Let Y € Sti be such that
HO(Y,0) = k, i.e., Y is cohomologically connected. Then by the spectral sequence
(2.3.15), we have hﬂHom(Hg(Y),Wn) s liﬂHo(Y, W,). Note that HO(Y,W,,) ~
Hom(Y, W,,). By universal property of mapping to affine schemes, any map ¥ —
W, factors uniquely through Spec H%(Y,0) — W,. Thus, by our assumption that
HO(Y,O) =k, it follows that the Dieudonné module of HY (Y) is given by hﬂWn(k)
This implies that HY (Y) ~ Z,,.

Remark 2.3.18. If k£ is a field of arbitrary characteristic, a similar argument (by
replacing W,, with an arbitrary commutative unipotent group scheme G) shows that
for any pointed, cohomologically connected stack Y, we have an isomorphism H&J (%) ~
HJ (Y.) Therefore, one has HY (Y) = 0.
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Proposition 2.3.19. Let k be a field. Let Y be a pointed, cohomologically connected
stack. Then we have a natural isomorphism

HY(Y) =~y (X)*
of unipotent group schemes over k.
Proof. Let G be an arbitrary commutative unipotent group scheme over k; regard G as

a unipotent Z-module via Example 2.3.10. Since Y is cohomologically connected, by
[MR23, Lemma 3.1.6], we have equivalences

Mapg,, (Y, BG) ~ Mapg;, (Br{ (Y), BG) ~ Hom(r (Y)*,G),

where the latter Hom denotes maps of unipotent group schemes over k. On the other
hand, we have

NIapStk)k (Y, BG) ~ Map(Z_Modg) (ﬁE(Y), G[1])

>0

S Map(Z_MOdE) (fIE(Y),G[l])

>1

~ Ma‘p(Z—ModE) . (ﬁllU(Y)[l]? G[l])

>

where the second equivalence follows from Remark 2.3.18. Now the category of 1-
connective, 1-truncated unipotent Z-modules over k is equivalent to the category of
commutative unipotent group schemes over k by Proposition 2.3.11, so

Mapy 1421 (s (H1 (V) [1], G[1]) ~ Map(HY (), G)-
Therefore, there is a natural isomorphism H P (V) ~ W}J(Y)ab_ 0

By universal properties, for any X € Sty,, there is a natural map
U(X) — H/(X),
where the target is regarded as a pointed stack via the functor
(Z—Modgf)zo — Stgs.
This induces natural maps
o (X) = H (X)),
which we call the Hurewicz map.
Proposition 2.3.20 (Hurewicz theorem). Let Y be a pointed and cohomologically
connected stack over a field k. Let n > 1 be an integer such that U(Y') is n-connected.
Then HP(Y) =0 for 0 <i <n+1 and the Hurewicz map
T (X) = Hi 1 (X)
s an isomorphism.
Proof. Let 0 < i < n+ 1 be an integer. By [MR23, Proposition 3.2.11], it follows
that H*(Y, 0) = 0. By the spectral sequence in Remark 2.3.14, it (inductively) follows

that Hom(HY (Y),G,) = 0. Since H(Y) is unipotent, we must have H(Y) = 0 for
0 < i <n+1. For the second part of the proposition, let G be an arbitrary commutative
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unipotent group scheme over k. Similar to the proof of Proposition 2.3.19, it follows
that

Mapg,, . (Y, B""'G) ~ Mapg,, (r<n+1U(Y), B*"'G) ~ Hom(my,,(Y),G).
On the other hand, we have

Maps;,, (Y, B""'G) =~ Mapy, 420 (g,0) (Y (Y), Gln +1])

SpY
>~ MapModenH(Spg)(ﬁE(Y)v Gln+1])

~ Map, 421 (g0 (HY  (V)[n +1],Gn +1])
~ Hom(Hy,,(Y),G).

This proves the desired claim. O

Corollary 2.3.21. Let Y € Sty be cohomologically connected and pointed. Letn > 1 be
an integer such that H{(Y,0) =0 for0 <i<n+1. Then H(Y) =0 for0 <i<n+1
and there is a natural isomorphism

Hom(H,,,(Y),G,) ~ H" (Y, 0).

Proof. Follows from [MR23, Proposition 3.2.11] and Proposition 2.3.20. (|

Lemma 2.3.22. Let M; be an inverse system of commutative affine group schemes
over k. Then for all i > 0, we have a natural isomorphism

@Exti (M;,G,) ~ Ext’ <££n M;, Ga> .
J J

Proof. Let M := l'glj M;. Since M is affine, by the Breen-Deligne resolution, RHom(M, G,)
is naturally isomorphic to a complex

(2.3.23) O(M) = O(M)®? = ... = @7 O(M)®"5 — ...
Since O(M) ~ hA’l‘j O(M;), the functoriality of the Breen-Deligne resolution shows that
liglRHom(Mj, Gqa) ~ RHom (M, G,).
J

Taking cohomology yields the desired result. U

Lemma 2.3.24. Let M; be an inverse system of commutative affine group schemes
over k. Let G be a finite type commutative unipotent group scheme over k. Then for all
1 > 0, we have a natural isomorphism

liAlExti (M;,G) ~ Ext’ <@Mj, G) .
J J
Proof. We have a natural map

lig RHom (M;,G) ~ RHom(M, G).
J
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Since G is finite type, V7 = 0 for some n. To prove that the above natural map is an
isomorphism, by using the short exact sequence 0 - VG — G — G/VG — 0, one may
reduce to the case when Vi = 0. In that case one may write G as

O—)G%HGII—)HG@%O,
I J
where I and J are finite sets. To obtain such an exact sequence one may use the
classification of finite type unipotent group schemes in terms of k,[F]-modules (see
[DG70, IV, § 3, Corollary 6.7] and [MR23, Lemma 4.2.32]). Using this exact sequence,
one may further reduce to G = G,, which follows from Lemma 2.3.22. O

Lemma 2.3.25. Let M; be an inverse system in (Z—ModE‘) o and denote its inverse

limat in (Z—Modgf>>0 by T&lj M;. Let G be a finite type commutative unipotent group

scheme over k, regarded as a unipotent Z-module via Example 2.3.10. Then we have a
natural isomorphism

lim RHom (M;,G) ~ RHom (@MpG) .
J J

Proof. The case when G = G, follows in a way similar to Lemma 2.3.22 by applying
the Breen—Deligne resolution in an animated form. The case of a general finite type
unipotent group scheme G is deduced in a way similar to the proof of Lemma 2.3.24. [

Lemma 2.3.26. Let M be a finite group scheme over k. Then for alli > 0, the k-vector
space Ext' (M, G,) is finite-dimensional.

Proof. By the Breen-Deligne resolution, Ext!(M,G,) is the i-th cohomology of the
complex (2.3.23). Since O(M) is a finite dimensional k-algebra, we obtain the desired
claim. 0

Recall that a left k,[F]|-module M is torsion if each m € M is contained in a
ks |F]-submodule N,, so that N,, is finite-dimensional as a k-vector space.

Lemma 2.3.27. Let M be a profinite commutative unipotent group scheme over k.
Then Ext'(M,G,) is a torsion ks [F|-module for each i > 0.

Proof. Follows from Lemma 2.3.22 and Lemma 2.3.26. g

Proposition 2.3.28 (Profiniteness). Let X be a stack over k such that H'(X,0) is a
torsion ks [F]-module for each i > 0. Then HY(X) is a profinite unipotent commutative
group scheme for each i > 0.

Proof. We use (2.3.15) when G = G,. Since H'(X, ) is a torsion k,[F]-module (and
the filtration is compatible with the Frobenius), it follows that E% is naturally a
torsion k,[F]-module. Our goal is to prove that Ey" = Hom (HY(X),G,) is a torsion
ks [F]-module. The claim is clear from the spectral sequence (2.3.15) when ¢ = 0. We
will prove by descending induction on r and ascending induction on ¢ that EYis a
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torsion k,[F]-module for » > 2,4 > 0. For a fixed i > 0, note that E?jz = EY, and
therefore, is a torsion k,[F]-module. Note that we have an exact sequence

(2329) 00— Eg-ﬁl N E?,l N E:,ifrJrl

E'S’FT+1 is a torsion k,[F]-module,
or equivalently, HY ,,(X) is a profinite group scheme. By Remark 2.3.8, Eg’l_rﬂ =
Ext"(HY,,1(X),G,) is a torsion k,[F]-module. Therefore, EFT s also a torsion

ko [F]-module. By descending induction on 7, we can suppose that Egil is a torsion

for all r > 2. Since ¢ — r + 1 < 4, by induction,

ky[F]-module. The exact sequence (2.3.29) therefore implies that EY' is a torsion
ko [F]-module. Therefore, by induction, we obtain the desired claim that Eg’l is a
torsion ky[F]-module. This finishes the proof. O

Definition 2.3.30 (Unipotent local homology). Let X be a scheme over k. Let Y be a
closed subscheme of X and let U := X — Y. We define

HYy(X) := cofib (HY (U) — HY(X)),
where the cofiber is taken in the stable oo-category Z—Mody. . It follows that HEY(X ) €
(Z—Mod})>0; we will call this object unipotent local homology.
The following definition is classical.

Definition 2.3.31 (Local cohomology). Let X be a scheme over k. Let Y be a closed
subscheme of X and let U := X — Y. Let G be a commutative unipotent group scheme
over k. One defines

RTy(X,G) := fib(RT(X,G) — RT(U,G)) .

Proposition 2.3.32. Let X be a scheme over k. Let Y be a closed subscheme of X
and let U := X =Y. Let G be a commutative unipotent group scheme over k. Then we
have a natural isomorphism

RHom (Hy(X),G) ~ RT'y (X, G).
Proof. Follows from Proposition 2.3.13. O

Remark 2.3.33. Using Proposition 2.3.32 and the Postnikov filtration on H, EY(X ), one
can obtain a new filtration on RI'y (X, G), which we call the “local homology filtration”.
This gives a (cohomological) spectral sequence

(2.3.34) EYY = Ext? (Hyy(X),G) = HY(X,G).

To prove certain standard properties about unipotent local homology, the following
results will be useful.

Lemma 2.3.35. Let f: P — @Q be a morphism in (Z — Modg)>0. Suppose that for

every commutative unipotent group scheme G, the induced map
RHom(Q®,G) — RHom(P, G)

18 an isomorphism. Then f is an isomorphism.
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Proof. By passing to the cofiber of P — @, we can without loss of generality assume that
P = 0. Then by hypothesis, RHom(Q, G) = 0 for every unipotent group scheme G. Note
that Q°°Q), being an affine stack, is hypercomplete. Note that 7;(Q) is representable
by a commutative unipotent affine group scheme for all ¢ > 0. Since Map(Q, G) = 0,
setting G = 7o(Q) shows that Q[—1] € (Z — Mod}j)>0. Repeating this argument with
Q' = Q[-1] shows that Q[-2] € (Z — Modg)m. Inductively, we obtain that Q[—n] is
connective for all n; or in other words, @ is co-connective. Since the t-structure on

7 — Modgf is left-separated by Proposition 2.1.12, it follows that ) ~ 0. This finishes
the proof. O

Proposition 2.3.36. Let f: P — Q) be a morphism in (Z — Modg)>0. Suppose that
the induced map B

RHom(Q,G,) - RHom(P,G,)

18 an isomorphism. Then f is an isomorphism.

Proof. By Lemma 2.3.35, it is enough to show that for every commutative unipotent
group scheme G, the induced map

RHom(Q,G) — RHom(P, G)

is an isomorphism. By our hypothesis, the above map is an isomorphism when G = G,

where I is some index set. If the Verschiebung Viz on G is zero, then there is a fiber
sequence G — G — G/. Thus the map is an isomorphism when Vi = 0. Using
induction and arguing using the filtration induced by V(, the map is an isomorphism
for G/V4. Since G is unipotent, G ~ im G /V&. Thus the map is an isomorphism for
any commutative unipotent group scheme G. This finishes the proof. O

2.4. Recognition theorem for unipotent spectra. Let k be a field. In [Toé23, §4.2],
Toén shows that the category of Z-modules in unipotent spectra over k is equivalent
to modules over the endomorphism ring spectrum of G,; this may be regarded as a
variation on Dieudonné theory for unipotent group schemes (see loc. cit. for subtleties).
Let Spg_ denote the category of bounded below unipotent spectra over k, which is
a stable oco-category. Consider the object G, € Spgf (Example 2.1.16). Then the
endomorphism spectrum

R := EndSpg_ (Gy)

can naturally be viewed as an E;-ring. For any E € Spgf, the mapping spectrum
denoted by RHom(FE,G,) can naturally be viewed as a right module over R. The
assignment E — RHom(F,G,) promotes to a functor

M : Spy~ — RMod?,

where the right-hand side denotes modules in the category of spectra. Our goal in this
subsection is to prove the following.

Proposition 2.4.1. The functor M : Sp;,~ — Rl\/[odoRp constructed above is fully
faithful.

In order to prove the above proposition, we will need some preparations.
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Lemma 2.4.2. Let C C (Spg_)>0 be the full subcategory of connective unipotent

spectra over k generated under arbitrary limits by the collection {Galnl},>o- Then
— U—
€= (Spk )20

Proof. Take E € (Spg_> >0; we will show that E belongs to C. By writing F ~ @1 T<n b,

we may assume that E is connective and bounded. Moreover, by devissage, we can
assume that E lies in the heart of the t-structure on Sp; ~ (Proposition 2.1.12). By
Corollary 2.1.13, such an E arises from a commutative unipotent group scheme over
k as in Example 2.1.16. Since one can write F ~ lim FE /Vi, where Vg denotes the
Verschiebung on F, we may further assume by devissage that F is killed by Vg. In that
case, there is a short exact sequence

O—>E—>HGQ—>HGG—>O,
I J
where I and J are (possibly infinite) index sets. This finishes the proof. O

We will additionally need the following lemma, which can be thought of as a spectral
refinement of the Breen—Deligne resolution.

Lemma 2.4.3 (Spectral Breen—Deligne resolution). There exists a sequence of functors
F; : Sp>g — Sps¢ for i > —1 with natural transformations

OZF_1—>F0—>F1—>...
such that we have

(1) F;/F;_1 is naturally isomorphic to a finite direct sum of functors of the form
Tiyee ?:df Q°°(-) for some fized ng; € N.
(2) lim F; ~ id as endofunctors of Spxy.
Proof. We will freely use the results from [CMM21, §4.1]. Let C := Sps, the category
of connective spectra. Let F': C — Sp be the identity functor. Define D to be the full
subcategory of C spanned by suspension spectrum of finite sets. By Proposition 4.7 loc.
cit. we would be done if we can prove that F' is D-pseudocoherent, which we do below.
Since D is closed under finite products, by Proposition 4.10, loc. cit. it is enough to
show that ¥5°Q>° [ is D-pseudocoherent. To this end, by Def. 4.4, loc. cit. it is enough
to prove that X°Q°°F' is D-perfect. This is however clear from the definition, as
SEQFP() = T Mape (S, ),
where S = X {x}, the sphere spectrum, which is in D by construction. O

Proposition 2.4.4. Fiz an integer n > 0. Then Gg[n| is cocompact as an object of
<Spgf) .

>0
Proof. Suppose that E is a connective unipotent spectrum. By functoriality of the
spectral Breen—Deligne resolution, we obtain a direct system

0=F_(F) = Fy(E) - Fi(E) = ... > Fj(E) — ...
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of sheaf (on Alg,”) of connective spectra such that hﬂF](E) ~ F and each cofiber
F.(E)/F,_1(F) is naturally isomorphic to a finite direct sum of objects of the form
YrER [[psy QFF.

We claim that
(2.4.5) Map (E, Gg4ln]) ~ Map (F+1(F), Galn]),
where the mapping spaces are taken in sheaves of connective spectra. To this end, note

that
Map(E, Gq[n]) = lim Map(F}(E), Gq[n));
therefore, it suffices to show that the maps
Map(Fj41(E), Ga[n]) = Map(F;(E), Ga[n))
are isomorphisms for j > n + 1. However, this follows the description of F;(E)/F;_1(E)
and the fact that the mapping spectrum

nd,]’
RHom(S/S5° [ [ Q™ E, Gq[n])
t=1
has a vanishing 7_1 for j > n + 2. This proves the claim (2.4.5).
Further, we claim that if G ~ lim; G; is a cofiltered limit diagram of connective
unipotent spectra and m > 0, then for any fixed 7 > 0, we have

(2.4.6) limy Map(F;(G1), Galm]) = Map(F;(G), Galm]).

We will prove this claim by induction on j. When j = 0, the claim follows from the
fact that Fjy(E) is naturally isomorphic to a finite direct sum of objects of the form
YR I4 Q®E. Indeed,

nd,0 nd,0
lim Map (210 [ o~a. Ga[m]> ~ lim Map (H 0=°G;, K(Ga,m)> ,

t=1 t=1

where the latter mapping space can be considered in the category of affine stacks, as
Q°°@; is an affine stack. However, K(G,, m) is a cocompact object in the category of
affine stacks. Therefore, we have

nd,0 nd,0
lim Map (H QooGi,K(Ga,m)> ~ Map (H QOOG,K(Ga,m)> :

t=1 t=1
The latter is isomorphic to Map(Fy(G), G,[m]) by adjunction, which proves the case
when 5 = 0.
Now we suppose the claim in (2.4.6) holds for a fixed j > 0; we will check that it
holds for j 4 1. Let gr,(E) := F.(E)/F,—1(F). By arguing in a manner similar to the
above paragraph, we obtain

(24.7) limg Map (ar, (), Gaf]) = Map (g, (G), Galm])

for all ,m > 0. Note that we have a map of fiber sequences
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lim, RHom (Fj(Gi),Gq) —— lim, RHom (Fi4+1(Gi),Gq) —— lim, RHom(gr;1(Gi),Ga)

l l l

RHom(F;(G),G,) ———— RHom(Fj11(G),G,) ————— RHom(gr;;,(G),Ga).

The left vertical map is an isomorphism by our inductive hypothesis. The right vertical
map is an isomorphism by (2.4.7). Therefore the middle vertical map is also an
isomorphism, implying our claim in (2.4.6) for j + 1. This completes the induction and
proves the claim (2.4.6) for all 7 > 0.

Now we can deduce the cocompactness of G4[n]. Indeed, given a cofiltered limit
diagram of connective unipotent spectra G >~ lim; G;,

lim Map(Gi, Ga[n]) = lim Map(Fy41(Gi), Ga[n])

~ Map(F,+1(G), G4[n])
~ Map(G, G4[n]),

where the first and the third isomorphism follow from (2.4.5); the second one follows
from (2.4.6). This finishes the proof. O

Corollary 2.4.8. Let E ~ @Z E; be a cofiltered limit diagram in Spg_ where E, E;
are all connective. Then the natural map

lim RHom (E;, G,) ~ RHom(FE, G,)

s an isomorphism.

Proof. Follows from Proposition 2.4.4. O

Proof of Proposition 2.4.1. There is a natural colimit-preserving embedding (Spgf> . —

Spg_, where the source denotes the category of connective unipotent spectra. It suffices
to prove that the restricted functor

. U—
M (Sp} )ZO — RMod®
is fully faithful. Since both of the categories involved above admit small colimits and M’
preserves them, by the adjoint functor theorem, it follows that M’ has a right adjoint
D : RMod® — (Sp;) ) >o0.
To prove that M’ is fully faithful, it is enough to prove that the unit map id — D o M’

is an equivalence. By Lemma 2.4.2, Corollary 2.4.8, and the fact that D preserves small
limits, it suffices to show that the natural map G, — D(M'(G,)) is an isomorphism.

To this end, note that for any Z € (Spgf)m, we have

Map(Z, D(M'(G,))) =~ Mapg(R, M'(Z)) ~ Map(Z,G,),

where the first isomorphism follows from adjunction and the second one follows from
the construction of M’. This shows that the desired map G, — D(M'(G,)) is an
isomorphism, finishing the proof. U
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3. CONIVEAU FILTRATION ON UNIPOTENT HOMOLOGY

3.1. Graded pieces of the coniveau filtration and unipotent local homology.
Let k be a field and Schy denote the category of k-schemes. For any scheme X
of dimension n, we will discuss a filtration on HY(X) constructed by Toén [Toé23,
Definition 3.1]. We explain how the filtration on HY(X) is related to the coniveau
filtration (which leads to the Cousin complex) on cohomology. This perspective is
then used to directly deduce certain desired properties of the filtration on HY(X) from
well-known properties of the coniveau filtration and local cohomology.

Definition 3.1.1 (Coniveau filtration). Let Z; be the set of closed subschemes of X of
codimension > ¢. We say C < (s for C1,Cs € Z; if C7 C Cy. We will equip Z; with
this partial order and view it as a category. First, define

T,:= lim HJ(X —0O),
Cez®

where the limit is taken in (Z — Modg)>0. Note that Ty ~ 0 and T}, 1 ~ HY(X). Now
let -

Fi =T
Then F; defines a finite, increasing filtration on HY(X), which we denote as F*HY (X).

The main result of this section is an identification of gr’ HV(X). Before delving into
that, we discuss the relationship between the filtration of Definition 3.1.1 and the
existing coniveau filtration on cohomology. Note that

T} := RHom(T;, G,) ~ colimgez RT'(X — C, O).
There is a natural map RI'(X,O) — T} . Let
RZ‘ = COthEZiRFC(Xa O),

where the latter denotes local cohomology. Note that R; equips RI'(X,O) with a
decreasing finite filtration denoted as F . RT(X, ), which one classically calls the

coniv

coniveau filtration. Note that R,1+1 ~ 0 and Ry ~ RI'(X, O). The fiber sequence
RT'¢(X,0) — RT'(X,0) — RT'(X — C,0)

then induces a fiber sequence

(3.1.2) R; — RT'(X,0) — T7.

The following result is classical (e.g., see [BOT4]).

Proposition 3.1.3. In the above notation,

Ri/Ri-‘rl = grionivRF(Xv O) = @ Rrx(Xara O)?
zeX ()

where X denotes the set of points of X codimension i.

The diagram below (where the horizontal arrows are fiber sequences; see (3.1.2))
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Riy1 —— RI'(X,0) —— T},
R —— RI'(X,0) —— T}
induces a fiber sequence
(3.1.4) Ri/Rit1 — 0= T7 /T,

Further, we have a fiber sequence F;_; — F; — gr'HY (X). This gives a fiber sequence
(we recall that F; = T;41)

(3.1.5) RHom(gr' HY (X),Gy) — Tjyy — T).
Combining (3.1.4) and (3.1.5), we have
(3.1.6) RHom(gr'HY (X),Gy) ~ R;i/Riy1.

Now we are ready to prove the following.

Proposition 3.1.7. Let X be a scheme over k of dimension n. Then the associated
graded of the coniveau filtration on the unipotent homology of X (Definition 3.1.1) may
be identified as

e HY ()~ ] HY.(X.),
xeX (@)
where X denotes the set of points of X of codimension i.

Proof. We will first construct a natural map from the right hand side to the left hand
side; this part follows the same reasoning as in Proposition 3.2 of [Toé23]. Let D C C
be two closed subsets of X such that codimx(C) > ¢ and codimx (D) > ¢ + 1. Let
z € (C — D) be such that z € X®; we will use (C' — D) to denote the set of such
points. For an z € (C'— D)@ it follows that X, — {z} C X —C. This gives the following
commutative diagram in Schy, :

Heew—pyo» Xo ={2} ——— X =C

| |

Heec—pyiy Xo ———— X = D.

Since (C' — D)® is finite by loc. cit., on applying unipotent homology and taking
cofibers, we obtain a map
Il HE.(X.) - H!(X-D)/H!(X -C).
z€(C—D)(®

Taking limits over pairs D C C such that C € Z; and D € Z;;1, we obtain the

desired map
] HY(X.) = e HU(X).
zeX (@

We need to check that the above map is an isomorphism. However, that follows from
Lemma 2.3.25, Proposition 2.3.36, (3.1.6) and Proposition 3.1.3. O



32 S. MONDAL, T. MOULINOS AND L. YANG

Remark 3.1.8. Let X be a scheme over k of dimension n. As a consequence of
Proposition 3.1.7, we obtain the following (homological) spectral sequence converging
to unipotent homology:

EP = 1] HpryolXe) = H)

p+q (X)
zeX ()

Proposition 3.1.9 (Purity). Let X be a Cohen—Macaulay scheme, i.e., for every
z € X, the local ring Ox , is Cohen—Macaulay. Then for any x € X the object
HY (X,) € (Z—Mod})sq is i-connective.

Proof. Using Remark 2.3.33, we have the following spectral sequence
EY = Ext?(H,,(X2),Ga) = HETY(X,,0).
Since X is Cohen—Macaulay and x € X is of codimension i, it follows that
H (X, 0) =0
for n < 4. Using the above spectral sequence and induction on ¢, we obtain
Hom(HY, (X.), Ga) = 0

for ¢ <. Since HJ,(X,) is unipotent, we have HJ, (X,) = 0 for ¢ < i, as desired. [
3.2. Reformulation in terms of Beilinson ¢-structures. Proposition 3.1.9 above

admits a slick reformulation in the language of Beilinson ¢-structure on filtered stable
oo-categories, which we recall below.

Notation 3.2.1. Suppose C is an oo-category. Let F*C := Fun((Z, <),C). We think of
F*C as the category of increasing Z-indexed filtered objects.

Definition 3.2.2 ([Ant19, Bi87]). Let C be a stable co-category equipped with a
t-structure. Define (F*C)>o to be the full subcategory of F*C spanned by objects U
such that for all 4, gr'U € C is i-connective. Define (F*C)<q to be the full subcategory
of F*C spanned by objects U such that for all 4, gr'U € C is i-coconnective. Then the
pair ((F*C)>o, (F*C)<o) defines a t-structure on F*C, which we refer to as the Beilinson
t-structure on F*C.

Notation 3.2.3. The truncation functors with respect to the Beilinson t-structure will
be denoted as T}Sn and TSBn. The functor TSBRT}ZSR will be denoted by 75.

We will apply this construction to Z—Modgf equipped with the t-structure from
Proposition 2.3.11.

Proposition 3.2.4. Let X be a Cohen—Macaulay scheme. Then
F*HY(X) € F*Z—Mod} ~
18 connective with respect to the Beilinson t-structure.

Proof. Follows from Proposition 3.1.7 and Proposition 3.1.9. U
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Remark 3.2.5. Note that for a scheme X of dimension n, the filtered object 7§ (F* HY (X))
can be identified as a chain complex of unipotent group schemes, equipped with its
naive increasing filtration (see [Sta25, Tag 12.15 (2)]). This identifies with the chain

complex E7 0 from Remark 3.1.8. Concretely, the complex is the following
326) 0 [[ HL(X) = ] HY1.(X) = ...— J] Hiw(X2)—o0.
zeXx () reX(n=1) zeX (0

Notation 3.2.7. The chain complex in (3.2.6) will be denoted by JY(X). It can be
viewed as a filtered object by equipping it with the naive filtration, which we will denote
by F*JY(X).

In the situation when X is Cohen-Macaulay, since F* HY(X) is connective, we obtain
a map of filtered objects

(3.2.8) F*HY(X) — F*JJ(X).

Now let G be a commutative unipotent group scheme over k. The identification
RI(X,G) ~ RHom(HY(X),G) of Proposition 2.3.13 and the filtration F*HY(X)
allow us to endow RI'(X,G) with a decreasing filtration. Composing with (3.2.8), we
obtain a map of filtered objects

RHom(F*JY(X),G) — RHom(F*HY (X), Q).

Let D(Uni) denote the derived category of the abelian category of unipotent commutative
group schemes over k. We have a natural map of filtered objects

RHom p(yi) (F*J(X), G) — RHom(F*J?(X),G).
This induces a map of filtered objects

(3.2.9) RHom pyi) (F*J(X), G) — RHom(F*H! (X), G).

3.3. Cohomology of Cohen—Macaulay schemes. We will prove that at the level of
underlying objects, (3.2.9) induces an isomorphism. More precisely,

Proposition 3.3.1. Let X be a Cohen—-Macaulay scheme over k. For any commutative
unipotent group scheme G over k, we have an isomorphism (induced by (3.2.9))

(3.3.2) RHom p(yi) (JY (X),G) = RHom(H!(X),G) = RI'(X,G)

Only the left isomorphism needs to be proven since the other one follows from
Proposition 2.3.13. We first note the following lemmas.

Lemma 3.3.3. Let X be a Cohen-Macaulay scheme over k. Then for any i > 0,
ze XD gnd any commutative unipotent group scheme G over k, we have

H.(X,,G) ~ Hom (H,(X,),G)
and HL(X,,G) =0 fort <.

Proof. By Proposition 2.3.32, we have RHom(ng(Xx), G) ~ RI';(X;,G). The claim
now follows directly from Proposition 3.1.9. O
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Proposition 3.3.4. Let X be a Cohen-Macaulay scheme over k. Then for any i > 0,

z € X® and any commutative unipotent group scheme G over k, we have
HIV(X,,G) =0

for j > 2.

Proof. First we prove the result when G satisfies the property that Vi; = 0. Then there
exists a short exact sequence

(3.3.5) 0—G—[[Ga—[[Ga—0
I J
where I and J are possibly infinite index sets. Note that

Hit (Xx, HGG> ~ [[H:V (Xe, Ga) =0
I

I

for 7 > 1 (and similarly for J). The desired claim now follows from a long exact sequence
chase.

Suppose now that G satisfies Vé = 0 for some £ > 2. The claim in this case follows
from induction on ¢ and chasing the long exact sequence on cohomology associated to
the short exact sequence 0 - VG — G — G/VG — 0.

Now for a general commutative unipotent group scheme G, we have G ~ @G JVEG.
By the previous paragraph, for j > 2, we have H.'7 (X,,G/V‘G) = 0 for all £. Note
that for j > 2, the induced maps

HF-YX,,G/V'GQ) - HYY(X,,G/VLG)

are surjective, since Hi'/ (X,, VI1G/V'G) = 0. In particular, R* T&leﬁjfl(Xx, G/V'G) =
0. The claim in the lemma now follows from Milnor sequences. O

Proposition 3.3.6. Let X be a Cohen—Macaulay scheme over k. Then for any ¢ > 0,
z € X9 and any commutative unipotent group scheme G over k, we have a natural
isomorphism

HN(X,,G) = Ext! (H(X,),G) .

Proof. By Proposition 2.3.32, we have RHom(HEI(Xx), G) ~ RT',(X,,G). By Proposi-
tion 3.1.9, ng(Xx) is i-connective. This gives a natural truncation map H,Px(Xm) —
ng(Xz)[z] Thus, we have a natural map

RHom (H}’,(X.), G[—i]) — RHom (H!,(X,),G) .
This induces natural maps
0, : Ext! (H,(X2), G) = HI (Xa, G).

By Lemma 3.3.3, the map 6j is an isomorphism. We would like to show that 61 is an
isomorphism. Note that by construction and a long exact sequence chase, it follows that
0 is injective. It is thus an isomorphism when G = G, since the target of 61 vanishes
in this case. It follows that 6 is also an isomorphism when G = [[; G4, where I is a
possibly infinite index set. In particular, Extl(ng (X2),[1; Ga) = 0. Now we pause to
prove the following lemma.
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Lemma 3.3.7. Let X be a Cohen-Macaulay scheme over k. Then for any i > 0,
z € X® and any commutative unipotent group scheme G over k, we have

ExtJD(Um)(HFx(X ),G) =0

for j > 2.

Proof. Since Hng;(Xz) is unipotent, by [DG70, Proposition V-1 5.1 and 5.2], we have
Ext/ (H; U (X2),G,) = 0 for j > 2. It follows that for any index set I, we have
Ext/ ( (X2), 1, G ) = 0 for j > 2. If G is such that Vg = 0, observe that the
short exact sequence (3.3.5) induces a long exact sequence on Ext groups. By [DG70,
Proposition V-1 5.1 and 5.2], we have Ext! (HZUx(Xx), II; Ga> = 0; applying this to
the aforementioned long exact sequence and using exactness gives the desired result.

Suppose now that G satisfies Vé = 0 for some ¢ > 2. The desired vanishing follows
inductively from the short exact sequence 0 — VG — G — G/VG — 0 and the
argument of the previous paragraph.

For a general unipotent group scheme G, we have G ~ lim G/V*G. Since we have

proven the statement of the lemma for unipotent group schemes killed by a power of V/,
it follows from a long exact sequence chase that the maps

Exti ! (Hi[fx(Xx)a G/V€> — Ext/~1 (HEI(XQC),G/Wﬂ)

are surjective for j > 2. Similarly to Proposition 3.3.4, by a Milnor sequence argument,
we obtain the desired vanishing in general. O

We return to the proof of Proposition 3.3.6. Proceeding in a manner similar to the
proof of Proposition 3.3.4 using (3.3.5) shows that 6; is an isomorphism when G has the
property Vg = 0. Suppose now that G satisfies Vé = 0 for some ¢ > 2. The long exact
sequences associated to the short exact sequence 0 - VG — G — G/V G — 0 along with
Lemma 3.3.7 (which implies that the map Ext'(H,(X,),G) = Ext'(H,(X.),G/VG)
is surjective) and five lemma implies that ¢, is an isomorphism in that case. The case
of a general unipotent group scheme follows from the fact that G ~ yLnG JVEG and
using Milnor sequences along with the five lemma. O

Lemma 3.3.8. Let X be a Cohen—Macaulay scheme over k. Then for any i > 0 and
any finite type commutative unipotent group scheme G over k, we have

P Hi(X.,G) NHom( 11 G).

xeX () zeX (i)
Proof. Follows from Lemma 2.3.24 and Lemma 3.3.3. O

Lemma 3.3.9. Let X be a Cohen—Macaulay scheme over k. Then for any i > 0
and any finite type commutative unipotent group scheme G over k, we have a natural

isomorphism
P HH(X,,G) = B! ( I] # )
zeX (@ zeX (@)

Proof. Follows from Lemma 2.3.24 and Proposition 3.3.6. U
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Lemma 3.3.10. Let X be a Cohen—Macaulay scheme over k. Then for any i > 0 and
any finite type commutative unipotent group scheme G over k, we have

Ext?, Um)< H ):0

zeX(
for j > 2.

Proof. Since [], ¢y HZUx(Xx) is unipotent, by [DG70, Proposition V-1 5.1 and 5.2],

Extj< 11 (Ga) =0

xeX (@)
for 7 > 2. Suppose now that Vi = 0. Since G is finite type, we have an exact sequence
of the form
O—>G—>HGG—>HGQ—>O,
I J

where I, J are finite sets. By Lemma 3.3.9, we have Ext' ([T <y ng(Xz), Gq) = 0.
Thus, by a long exact sequence chase we obtain the desired claim when Vi = 0. Since
G is finite type, V4 = 0 for some n. Thus, to prove the claim in general, by using the
short exact sequence 0 - VG — G — G/VG — 0, one may reduce to the case when
Vi = 0. This finishes the proof. O

Finally, we are ready to give a proof of Proposition 3.3.1.

Proof of Proposition 3.3.1. As discussed before the statement of Proposition 3.3.1, there
is a map of filtered objects

RHom pyi) (F*J(X), G) — RHom(F*H (X), G).

Note that the filtered object on the left induces a convergent spectral sequence

59 = Bty ([T HLXG) = Bxtiil, (00,6,
zeX (@)

The filtered object on the right induces a convergent spectral sequence
EY = Ext™ (g HY(X),G) = Ext™™(HY(X), Q).

The map of filtered objects induces natural morphisms between the above two spectral
sequences, and to prove the proposition it suffices to prove that the natural maps
'E}? — E77 are isomorphisms. Using Lemma 2.3.25 and Proposition 3.1.7, it follows
that we need to prove that the natural maps

Ext], (i) < II 2 >—> P HIY(X.,G)

zeX () zeX ()

are isomorphisms.

To this end, note that for 7 < 0, the map is an isomorphism by Lemma 3.3.3. For
j = 1, the isomorphism follows from Lemma 3.3.9, and for j > 2, it follows from the
vanishings from Proposition 3.3.4 and Lemma 3.3.10. U
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4. ARTIN-MAZUR FORMAL GROUPS

In [MR23], the authors explained how to recover Artin—Mazur formal groups from
the unipotent homotopy group schemes introduced in loc. cit. under certain hypotheses
on vanishing of cohomology groups. In this section, we will explain how to recover these
Artin—-Mazur formal groups in general from unipotent homology groups studied in this
paper, with no such vanishing assumptions. To this end, let us recall their definition.

Definition 4.0.1 ([AMT77]). Let k be a field and X be a smooth proper scheme over
k. Let Artg be the category of Artinian k-algebras. Define an abelian group valued
functor ®% : (Art/k)°® — Ab as

A Ker(HE (Xa,Gp) = HE(X,Gy)).

Note that when n = 1, ®% is the formal completion of the Picard scheme of X.
When n = 2, it is the formal Brauer group. In general, the above functor is not pro-
representable. Artin and Mazur gave certain conditions regarding pro-representability
for this functor. Recently, Bragg—Olsson gave a new proof [BO21, Theorem 10.8] of the
following result of Raynaud [Ray79, Proposition 2.7.5].

Theorem 4.0.2 (Raynaud, Bragg—Olsson). Let X be a smooth proper scheme over k.
Let (®%)1 denote the sheafification of ®% for the fppf topology on Art;¥. Then (®% )1
1s pro-representable for every n.

Following Bragg—Olsson, we will refer to (@&)ﬁ as the n-th flat Artin—Mazur formal
group. We will actually recover the flat Artin—-Mazur formal groups from unipotent
homology. Recall that (Remark 3.1.8) for a k-scheme X, we have the following (ho-
mological) spectral sequence (arising from the coniveau filtration of Definition 3.1.1)
converging to its unipotent homology:

(4.0.3) EPM = ] HpigoXe) = Hyf(X).
zeX (@)

We will prove the following.

Theorem 4.0.4. Let X be a smooth proper scheme over a perfect field k of positive
characteristic. Then the Cartier dual of the flat Artin—-Mazur formal group (@%)ﬁ 18

canonically isomorphic to the unipotent group scheme Eg’o obtained by turning the page
of the spectral sequence (4.0.3).

Proof. Note that E2Y, by definition, is the p-th homology of the chain complex E{” of
unipotent group schemes, which we denoted by J¥(X) (see Notation 3.2.7). We will begin

by computing the Dieudonné module of E¥ ’0, which is given by liﬂHom (Eg ’0, Wn>
By Proposition 3.3.1, we have

RHom p(ui) (7 (X), Wn) = RT(X, Wh).
This yields a spectral sequence where we may identify the Eo-page:

Exth ) (E5Wa) = HTP(X, W),



38 S. MONDAL, T. MOULINOS AND L. YANG

: q
Since Ext D(Uni

second page, and we obtain exact sequences

) <E§’O, Wn> = 0 for ¢ > 2, the spectral sequence degenerates on the

0— Ext! (E50,W,) = HP(X,W,) - Hom (5, W, ) — 0.

Compatibility of these exact sequences for varying n implies that we have an exact
sequence

0 — ling Bxt! (50, W) — lig H”(X, W,,) = liny Hom ((E5®,,,) — 0.
By Lemma 4.0.5, we obtain
ling H? (X, W,,) ~ lig Hom (Eg”o, Wn) .

Note that the flat Artin-Mazur formal group (®% )% is connected, so its Cartier dual

((®5)1)V is a commutative unipotent group scheme over k. Further, by [BO21, Theo-
rem 12.1] (cf. [Eke85, Proposition 8.1]), we have

liny Hom (((®%)")", W, ) = limg H”(X, W,,).
n n
Therefore, by Dieudonné theory, we conclude that
(@5 =~ B,
which finishes the proof. O

The following lemma was used in the above proof.

Lemma 4.0.5. Let G be a commutative unipotent group scheme over a perfect field k.
Then

lim Ext*(G, W,,) = 0.

-

Proof. Suppose that v € Ext!(G, W) for some ¢t € N. Suppose that v is classified by an
extension

(4.0.6) 0—->Wy—H—G—0.

Note that on the category of commutative unipotent group schemes over k, the functor
lim Hom(-,W,,) is exact [DG70, V-1 Théoréme 4.3 b)]. Applying this to (4.0.6), we
obtain an exact sequence

(4.0.7) 0— ligHom(G, Wy) — ligHom(H, Wy) — li_n>qH0m(Wt, W) — 0.

The exactness implies that there exists a map v : H — Wy for some s > t such that
the composition Wy — H — W; is the canonical map. The class v induces a class in
Ext!(G, W) which can be described as an exact sequence

(4.0.8) 0—->Ws—H —G—0,

where H' is the pushout of W; — H along the canonical map W; — W;. Using the
pushout description of H', the map v : H — Wy induces a map H' — W, which splits
the exact sequence (4.0.8). This proves that lim | Ext! (G, W,) = 0, as desired. O
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5. PERFECT UNIPOTENT SPECTRA AND DUALITY THEOREMS

In this section, we fix a perfect field k£ of characteristic p > 0 and study perfect
unipotent spectra over k. In Section 5.1, we study a certain finiteness condition on
perfect group schemes, leading to the notion of quasi-finite type perfect group schemes.
We define perfect unipotent spectra in Section 5.2 and record a recognition theorem in
Section 5.3, in parallel with the results of Section 2.4. In Section 5.4, we use the finiteness
condition described in Section 5.1, and prove that a certain full subcategory Z/p-modules
in perfect unipotent spectra admits a good theory of duality (Theorem 5.4.10). In
Section 5.5, we show that the weight ¢ syntomic cohomology (modulo p) of a proper lci
scheme X admits a canonical enhancement Z/ p(i)‘)}ni to perfect unipotent spectra over k
for each i; if moreover X is smooth, the unipotent spectrum Z/p(i) ¥ has good finiteness
properties. Finally, we show that when X is a smooth proper k-scheme of dimension d,
there is an equivalence of unipotent spectra Z/p(i) ¥ ~ (Z/p(d — i) %)V [~2d] (under
the duality from Theorem 5.4.10) refining Milne’s duality theorem [Mil76, Theorem
1.9].

5.1. Preliminaries on quasi-finite type perfect group schemes. In this section,
we discuss the foundations on quasi-finite type perfect group schemes, which will be
used later in the context of perfect unipotent spectra.

Definition 5.1.1. Let G be an affine group scheme over a perfect field k of positive
characteristic. The perfection of G is defined to be GPe™ := @nw G} it is a perfect affine

group scheme over k.

Definition 5.1.2 (Quasi-finite type perfect group schemes). A perfect affine group
scheme G over k is called quasi-finite type if G is the perfection of some finite type
group scheme over k.

Remark 5.1.3. Note that the category of commutative group schemes over k is an
abelian category. The full subcategory of perfect commutative group schemes over k
forms an abelian subcategory of the former. As we will prove in Proposition 5.1.15,
the full subcategory of commutative group schemes spanned by perfect commutative
quasi-finite type group schemes also naturally forms an abelian category.

The following proposition will give an intrinsic reformulation of Definition 5.1.2.

Proposition 5.1.4. A perfect affine group scheme G over k is quasi-finite type if and
only if G is a cocompact object in the category of perfect affine group schemes over k.

Proof. Let H ~ HY °rf Wwhere Hy is a finite type affine group scheme over k. We will show
that H is a cocompact object in the category of perfect affine group schemes. Let G ~
im G; in the category of perfect group schemes. By adjunction, we have Hom(G, H) ~
Hom(G, Hy). Since Hy is finite type, we have Hom(G, Hy) ~ lim, Hom(G;, Hy) =~
lim, Hom(G;, H), as desired.

Conversely, we will show that a cocompact object G is quasi-finite type. One can
write G as a cofiltered limit G ~ @G?, where each GY is a finite type quotient of G.
Passing to perfection induces an equivalence G ~ @Gi, where G — G is a surjection
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of perfect group schemes for each i. Since G is cocompact, we have
Hom(G, G) ~ lim Hom(G, G).
i

This implies that there exists a map Gj i) G such that the composition G — G; i> Gis
the identity map. It follows that the surjection G — G; must also be an injection. Thus
G~G;~ (G?)perf, which finishes the proof since GY was finite type by choice. O

Corollary 5.1.5. A perfect affine group scheme G over a field k is quasi-finite type if
and only if G is the perfection of a finite type quotient of G.

Proof. Follows from Proposition 5.1.4 and its proof. U

Remark 5.1.6. Note that a cocompact object in the category of perfect, affine,
commutative group schemes over k can be equivalently regarded as a perfect, affine,
quasi-finite type group scheme over k that also happens to be commutative. This follows
in a manner similar to the proof of Proposition 5.1.4. Further, by Corollary 5.1.5, any
such group scheme G is isomorphic to perfection of a finite type quotient of G, which is
necessarily commutative.

Remark 5.1.7. Let G and H be two perfect quasi-finite type group schemes over k.
Suppose that G ~ Ggerf and H ~ H} °f Then it follows that

(5.1.8) Hom(G, H) ~ Hom(G, Hy) =~ hﬂHom(Go,Ho).
%)

In other words, for every f : G — H, there is a k > 0 such that foF is induced from
fo : Go — Hy via perfection.

Example 5.1.9. The perfection of G, (resp. G, ) is a group scheme denoted by Ggerf,
whose underlying scheme is isomorphic to Spec k[z'/P™] (resp. Spec k[z*!/P”]). By
definition, GE° (resp. Ghert ) is a perfect quasi-finite type group scheme.

Example 5.1.10. The profinite group scheme Z, := lim,, Z/p" is a perfect group
scheme, but not of quasi-finite type.

Example 5.1.11. Let y, := G,,[n]. If n is a power of p, it follows that (u, )P ~ *. If
n is coprime to p, then (p, )Pt ~ p,,.

Example 5.1.12. The group scheme «y, = G,[p] satisfies agerf ~ 0.

Proposition 5.1.13. Let G be a perfect affine group scheme over a perfect field k.
Then G is unipotent and quasi-finite type (resp. commutative) if and only if G is the
perfection of some unipotent and finite type (resp. commutative) group scheme.

Proof. Follows from Corollary 5.1.5 and Remark 5.1.6 since the category of unipotent
group schemes is closed under inverse limits and quotients. ]

Lemma 5.1.14. Let G be a finite type commutative affine group scheme over a perfect
field k. Let Fg denote the Frobenius map on G. Then

R1@G20.
Fa
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Proof. Note that since G is finite type, the image of Fg stabilizes for large enough

k. Let G' := Im(FE) for k > 0. It suffices to prove that R' @G’ ~ 0. However, by
FG’

construction, Fgr is a surjection. This finishes the proof. ([l

Proposition 5.1.15. The category of perfect commutative quasi-finite type group
schemes over k is an abelian subcategory of the category of commutative group schemes
over k that is closed under extensions.

Proof. Let G and H be two perfect commutative quasi-finite type group schemes and
let f: G — H be a map. For the abelian subcategory part, it will suffice to prove that
kernel and cokernel of f in the category of commutative affine group schemes is already
perfect and of quasi-finite type. The perfectness follows directly. To prove that they are
of quasi-finite type, by Remark 5.1.7, we can assume without loss of generality that f is
induced from a map fo : Gog — Hj of finite type algebraic groups via perfection. Since
kernel and cokernel of fy are both finite type, our claim follows from Lemma 5.1.14.
Now we will prove the closure under extension property. In what follows, we work
in the derived category of fpqc abelian sheaves over k. By Lemma 5.1.14, it follows
that R@ Py T ~ TP for any finite type commutative affine group scheme 7. Let us

consider an extension 0 - H — E — G — 0 of group schemes, where GG, H are perfect
and of quasi-finite type. It follows directly that F is also perfect. Our goal now is to prove
that E is of quasi-finite type. Suppose that Gg, Hy are finite type group schemes such
that G ~ G2 and H ~ HP*™. Tt follows that RHom(G, H) ~ Rlim RHom(G, Hy) =

RHom(G, Hyp), where the latter isomorphism follows because G is perfect. Since Hy is
finite type, it further follows that RHom(G, Hy) ~ liglRHom(Go, Hj). In particular,
we have Ext!(G, H) ~ @Extl(Go, Hy). Therefore, without loss of generality, we may
assume that the extension 0 - H — E — G — 0 arises as perfection of an extension
0 — Hy — Ey — Go — 0. Thus E ~ E} °rf which finishes the proof since Ey must be
of finite type. O

Corollary 5.1.16. The category of perfect commutative quasi-finite type unipotent
group schemes over k is an abelian subcategory of the category of commutative group
schemes over k that is closed under extensions.

Proof. Follows from Proposition 5.1.13 and Proposition 5.1.15. O

Remark 5.1.17. When £k is algebraically closed, the category of quasi-finite type
perfect group schemes is equivalent to the category of quasi-algebraic group schemes
due to Serre [Ser60, §1]. This follows from [Ser60, Proposition 2].

Proposition 5.1.18. Let G be a perfect quasi-finite type commutative unipotent group
scheme over a perfect field k. Then G has a finite filtration where the graded pieces are
all perfect, quasi-finite type, unipotent, closed subgroup schemes of Ggerf.

Proof. By Proposition 5.1.13, G is perfection of a finite type, unipotent, commutative,
affine group scheme Gy. Any such Gg has a finite filtration where the graded pieces are
subgroup schemes of G,. The result follows from taking perfection. O

Corollary 5.1.19. Let G be a perfect quasi-finite type commutative unipotent group
scheme over a perfect field k. Then G is killed by a power of p.
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Proof. Follows from using the filtration in Proposition 5.1.18. O

Proposition 5.1.20. Let G be a perfect quasi-finite type commutative unipotent group
scheme over an algebraically closed field k of characteristic p > 0. Then G has a finite
filtration where the graded pieces are isomorphic to either Ggerf or Z/p.

Proof. By Proposition 5.1.13, GG is perfection of a finite type, unipotent, commutative,
affine group scheme Gg over k. Since k is algebraically closed, any such Gy has a
filtration where the graded pieces are isomorphic to G, oy, and Z/p. The result follows
from taking perfection and using Example 5.1.12. O

Proposition 5.1.21 (Galois descent). Let G be a perfect affine group scheme over a
perfect field k. Let k be an algebraic closure of k. Suppose that G := G Xgpeck, Speck
is quasi-finite type over k. Then G is quasi-finite type over k.

Proof. Let us choose an isomorphism f : Gz~ H perf where H is a finite type group
scheme over k. By adjunction, f is induced from a canonical map f’ : Gy — H of group
schemes over k. Using the spreading out technique, by possibly replacing k by a finite
extension, we can without loss of generality assume that the finite type group scheme
H is isomorphic to Hé where H' is a finite type group scheme defined over k. In the
category of affine group schemes over k,

Hom(Gy, H') ~ Hom ( @1 G’L,H'> ~ hgl Hom (GL,H'),
[L:k]<oo [L:k]<oo

where the latter isomorphism follows because H' is a cocompact object, since it is a
finite type affine group scheme over k. This implies that there exists a finite extension L
of k, and a map f} : G — H} such that f’ is the pullback of f} along Spec k — Spec L.
Note that since k is perfect, the finite extension L is also perfect and G, is a perfect
group scheme over L. Therefore, we have a map fo : G, — (H} )Pt ~ (H'®*f) which
induces an isomorphism when base changed along Spec k — Spec L. Therefore, fy is an
isomorphism. This implies that G, is a perfect, quasi-finite type group scheme over L.

We will now show that G is a cocompact object in the category of perfect affine group
schemes over k, which will imply that it is of quasi-finite type by Proposition 5.1.4.
To this end, let T ~ l'&nTi, where (7});es is an inverse system of perfect affine group
schemes over k. Then we also have T}, := @(TZ) 1. Note that

Homy, (T, G) ~ Hom(T},, G1) M E/F) ~ (ngom(( i) L GL))Gal(L/k) ,

where the latter isomorphism follows from the fact that G, is a cocompact object in the
category of perfect affine group schemes by the previous paragraph and Proposition 5.1.4.
Moreover, since Gal(L/k) is a finite group, taking fixed points commutes with filtered
colimits. Therefore, we have

(lim Hom((T3) 1, G1)) ™ ~ ling (Hom((T;) 1., G1)) /%) ~ lim Hom(T3, G-

This proves the desired cocompactness of G which finishes the proof. O
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5.2. Perfect affine stacks and perfect unipotent spectra. In this section, we
restrict our attention to the category of perfect schemes over k and introduce a notion
of perfect affine stacks and perfect unipotent spectra over k. First we discuss a few
relevant preliminaries regarding perfect algebras, and recall their derived analogues
(Definition 5.2.2). The starting point here is Breen’s theorem on the vanishing of higher
Ext-groups of the additive group over the site of perfect k-schemes. As a consequence,
upon restricting to the site of perfect schemes, the recognition theorem can be refined
to modules over a far less complicated Ei-algebra than the one we encountered in
Section 2.4.

Definition 5.2.1. Let k be a perfect field of characteristic p > 0. Let Algf,;e]rf denote
the category of perfect k-algebras. The inclusion of categories

Algierf — Alg,
admits a left adjoint, given by A — Apes = ligw A, and a right adjoint, given by
A = LiHm@ A, where ¢ is the Frobenius endomorphism of A.

The notion of being perfect also extends to derived commutative rings over k:

Definition 5.2.2. Note that every object of DAlg; admits a Frobenius endomorphism

(e.g., see [Hol23, Construction 2.4.1]) extending the Frobenius on Alg. Let DAIgEerf C

DAlg;, be the full subcategory spanned by those objects for which the Frobenius map is

an isomorphism of derived rings. We will refer to objects of DAngerf as perfect derived

k-algebras.

Remark 5.2.3. For a derived F,-algebra B, the Frobenius map induces the zero map
on m;(B) for i > 0. This implies that a perfect derived ring is always coconnective.

Definition 5.2.4 (Perfect prestacks). Let Affgerf denote the category of perfect affine

schemes over k. We let PSt}Izerf := Fun (Affzp, S), and call it the co-category of perfect
prestacks.

Remark 5.2.5. Note that there is a natural restriction functor u* : PSt, — PStzerf.
Precomposition with (+)perf : Algy — Algierf defines a canonical functor denoted by w, :
PS‘CEerlc — PStg. By construction, u, is right adjoint to u*. Similarly, precomposition

with (-)* : Alg;, — Algzerf defines a canonical functor denoted as wuy : PStzerf — PSt.
By construction, w is left adjoint to u*.

Lemma 5.2.6. The functor uy is fully faithful and its essential image is given by the
full subcategory of PSty spanned by X € PSty such that the natural map X(A") —
X (A) is an equivalence for every A € Alg,. Moreover, for any B € Alggerf, we have

wu*Spec B ~ Spec B.

Proof. Full faithfulness of u follows from the observation that the natural map id — u*wu,
is an equivalence. The rest follows from the fact that (-)° : Alg, — Algierf is right
adjoint to the inclusion functor. O

Notation 5.2.7. For B € Algzerf, u*Spec B will be simply denoted by Spec B € Pstierf.
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Construction 5.2.8. Note that left Kan extension of the global section functor
Aﬂ"zerf — DAIlg,” along Affierf — PStie}rf produces a functor that we denote as

RI'(-,0) : PS™ — DAIg}P.

Note that for X € PStzerf, we have RI'(uX,0) ~ RI"(X, ). To see this, note that

RT (w1 X, 0) ~ lim A~ lim A,
AeAlgy; AeAlgy;
(Spec A—uy X)€PSty, (SpecAb%X)ePstgerf

where the limits are taken in DAlg;,. However, the latter is equivalent to

lim A~ lim B~ RI'(X,0).
APeAlg; BeAlgh™;
(Spec A*—X)ePstPerf (Spec B—X)ePstPe'’

Therefore, for X € Pstgerf, we will simply use RI'(X, O) to denote RIV(X,O).

Definition 5.2.9 (Perfect affine stacks). By the Yoneda embedding, we have a functor

(DAIEE™) — Fun (DAIgY™, S).

Composing with Algierf — DAIgZerf, we obtain a functor
SpecP! : (DA]gZerf)Op — PStZerf.

We define the essential image of this functor to be the category of perfect affine stacks
over k and denote it by AffStzerf.

Remark 5.2.10. Note that we have an adjunction
RU(-,0) : PSE™ = (DAIgh™)°P : Spec?,
where the left adjoint RI'(-,O) is as defined in Construction 5.2.8.

Remark 5.2.11. By definition, for B € DAlggerf, we have SpecP! B ~ u* Spec B.

Remark 5.2.12. Let St} (resp. (St};erf)/\) denote the full subcategory of PSty, (resp.
PSt,F;erf) that satisfies hyperdescent for the fpqc topology on Affy (resp. Aﬁ'ierf). The
functor u* from Remark 5.2.5 restricts to a functor again denoted as u* : St} — (Stierf)/\.

Note that the functor u, also restricts to a functor u, : (Stierf)/\ — St}; this follows from
the observation that if A — B is faithfully flat map of IF,-algebras, then Aperr — Bpert
is also faithfully flat. By Remark 5.2.5, u, is right adjoint to u*. Further, «* also admits
a left adjoint, (obtained as hypersheafification of w;) which we denote by u? Similarly
to Lemma 5.2.6, we have the following.

Lemma 5.2.13. The functor u? : Sty — (Stgerf)/\ s fully faithful. Moreover, for any
B e DAlggerf, we have

B ~ RT (u{jSpecpf B, (9) .
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Proof. For S € Algzerf, any faithfully flat map S — T, where T' € Alg,, the map
S — Tphert is also faithfully flat and factors through S — 7. This property implies
that the natural map id — u*u{j is an equivalence. Therefore, the full faithfulness of
uf : Stp — (StP)M follows from adjunction.

For the second part, note that there is a natural map u? SpecP’ B — Spec B by

adjunction, which induces a map B — RF(u%1 SpecP! B, 0). We will prove that this
is an isomorphism. Since Spec B is an affine stack, we can write it as a colimit of a
simplicial affine scheme Spec A, in St}. Since u* is left adjoint to w., it preserves small

colimits. Therefore, SpecP B is a colimit of u* Spec Ay =~ SpecP’ (Aq)pers in (Stierf)/\.
Since u? is left adjoint to u*, it also preserves small colimits. Therefore, u',i SpecP! B is a
colimit of u? SpecP! (Aq) pert. However, for an A € Algzerf, by Lemma 5.2.6, u.ti SpecPt A4 ~

u Spec”’ A ~ Spec A. Therefore, the simplicial object u',i Specpf(A.)perf is isomorphic
to Spec(Aa)pert. This implies that

Rl“(u’!j SpecP! B, 0) ~ Tot(As)pert-

Since filtered colimits commute with totalizations of coconnective objects, it follows
that the latter is isomorphic to

(TotAe)pert > Bperf >~ B,
which finishes the proof. O

Proposition 5.2.14 (Embedding of perfect derived rings). Let k be a perfect field of
characteristic p > 0. The functor

SpecP! : (DAIgierf)Op — PS‘cierf
18 fully faithful.

Proof. By virtue of adjunction from Remark 5.2.10 and Construction 5.2.8, it will be
enough to prove that B ~ RI'(u Spec?' B, 0) for B € DAlgzerf. This follows from

Lemma 5.2.13, as we have B ~ le(ut!i SpecP' B, ©) ~ RI'(u Spec® B, 0). O

Corollary 5.2.15. Let AffStZerf/ denote the full subcategory of AffSty spanned by
X € AffSty such that RT'(X, Q) is a perfect derived ring. Then the functor u* induces
an equivalence

ASEP ~ AfFSEPT
Proof. The above functor is the composition of
ASSEPTT ~ (DA )P 5 AfFSER
By Proposition 5.2.14, the latter functor is an equivalence, which finishes the proof. [

Corollary 5.2.16. Let X be a pointed connected stack over a field k. Then X is a
perfect affine stack if and only if each 7rZU(X, %) is represented by a perfect unipotent
group scheme over k.
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Proof. Suppose X is perfect and affine. Affineness of X implies that each 7, (X, %)
is represented by a unipotent group scheme over k. That the Frobenius F' induces
equivalences 7, (X, *) — m,(X,*) for each n > 1 follows from X being perfect. It
follows that m, (X, %) is a perfect unipotent group scheme for all n > 1.

Conversely, suppose that X is a pointed connected stack so that 7, (X, ) is represented
by a perfect unipotent affine group scheme for all n > 1. By [Toé06, Théoreme 2.4.1],
X is an affine stack. By assumption, the Frobenius induces equivalences on 7, (X, *)
for all n > 1. Since X is hypercomplete, it follows that X is a perfect affine stack. [

Definition 5.2.17 (Perfect unipotent spectra). Let A be any perfect ring. We define
7perf Pyp—

the stable oco-category of perfect unipotent spectra to be the oo-category Spg
Sp(Aﬁ’Stiirf) of spectrum objects; that is, it is the inverse limit

perf Q perf
coo— MBSt — AfESE, L — L

Remark 5.2.18. The natural fully faithful functor AffStzerf — AffSt 4 produces a fully

faithful functor

U,perf
Sp 4

Unwinding the definitions, one sees that a unipotent spectrum E is a perfect unipotent
spectrum if and only if Q°°~"(FE) is a perfect affine stack for each n € Z.

— SpY.

Restricting to bounded below unipotent spectra, which we denote by Spg’perf_ we

once again obtain a well-behaved t-structure as above.

Proposition 5.2.19. Let k be a perfect field of characteristic p > 0. Then there is a t-
structure on Spg’perf_ with heart given by the category of perfect unipotent commutative
affine group schemes over k.

Proof. Follows from the same arguments as in Proposition 2.1.12, using Corollary 5.2.16.
0

5.3. Recognition theorem for perfect unipotent spectra. We will study some
recognition theorems for various co-categories of perfect unipotent spectra, similar to
Section 2.4. In addition to the techniques in Section 2.4, we will crucially use the
following result due to Breen. Before stating it, let us fix some notations for this
subsection.

Let S = Spec R, where R is a perfect ring of characteristic p > 0. Let D fpge(Spert, Z/p™)
denote the oco-category of D(Z/p™)-valued fpqc sheaves on Aﬁ'gerf. Let W denote the
p-typical Witt group scheme and W, denote its n-truncated variant. Let WP and
WP denote their perfections. Let o denote the Witt vector Frobenius on W (R) as
well as W, (R). Let W,,(R),[F, F~!] be the non-commutative Laurent polynomial ring
subject to the relation Fa = o(a)F.

Theorem 5.3.1 ([Bre78, Theorem 0.1]). Let S = Spec R as above. There is a natural
equivalence

RHomech(Spervap) (Ggerf7 Ggerf> ~ Rg [F, F_l]
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Corollary 5.3.2. Let S = Spec R be as in Theorem 5.8.1. There is a natural equivalence
RHomp, (s .7 (GE™, GE) ~ R,[F,F~'] @ R, [F, F~'|[-1].
Proof. First, note that by adjunction, we have an equivalence
RHomp,  (S,..2) (Ggeff, Ggeff) ~ RHOmp,  (Syes.Fp) (Ggerf ® Z/pZ, Ggerf)
of R,[F, F~1]-modules. Thus, using the fiber sequence
0252 —~7/pZ—0
and the fact that GE is a ring object of characteristic p, we have

RHomp,  (Set.Fp) (Ggerf ® Z/pZ, Ggerf) ~ RHomp, (s ) (Gge‘"f &) Ggerf[l], Ggerf> .

perf7]FP
Applying Theorem 5.3.1 now gives the desired computation. By [BM22, Proposition

7.1], there exists a unique Ei-R,[F, F~!]-algebra with these homotopy groups, so this
can be promoted to an equivalence of [E{-algebras. O

Remark 5.3.3. Note that G2 ®y Z/p™Z for m > 2 as a Z/p™Z-module (induced
from the right factor) is not isomorphic to GE™" @ GE[1].

The recognition theorem now takes the following form. Let & be a perfect field. Note
that for any E € F), — Modzerf’U_, the mapping spectrum denoted by RHom (E , Ggerf>

can naturally be viewed as a right module over End (Ggerf) ~ ky[F, F~'] (see Theo-

rem 5.3.1). The assignment £ — RHom (E , Ggerf> promotes to a functor
f,U—
Mg, : ), — Modger — RMOdZS[F,Ffl} .
Similarly, using Corollary 5.3.2, we have a functor

) f,U—
Mz : Z— Modp™>" " — RMody? 1o p oy o oy -

Proposition 5.3.4. The functors My, and My are fully faithful.
Proof. The proof follows in the same way as that of Proposition 2.4.1. O

5.4. Duality for perfect unipotent spectra. In [Mil76], Milne established a duality
on the category of perfect unipotent group schemes over a perfect field. He then applied
this to study a duality in the context of flat cohomology of surfaces, which foreshadowed
several duality phenomena in the syntomic cohomology of characteristic p schemes. We
show that Milne’s duality for perfect unipotent group schemes extends to the co-category
of perfect unipotent IF,,-modules which are bounded with respect to the t-structure and
which satisfy the condition of being quasi-finite.

Definition 5.4.1. A perfect unipotent spectrum E over k is said to be of quasi-finite
type if for all i € Z, m; F is representable by a quasi-finite type perfect unipotent affine
group scheme over k in the sense of Definition 5.1.2.

We let Spg’perf’ft denote the full subcategory of Sp}j’perf spanned by quasi-finite type

perfect unipotent spectra. It follows from Proposition 5.1.15 that Sp}j’perf’ft forms a

stable subcategory of Spg’perf.
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Remark 5.4.2. We can analogously define the oo-category Z — Modg’perf’ft to be

the subcategory of Z — Modg’perf spanned by the perfect unipotent Z-modules E for
which m; F is representable by a quasi-finite type perfect unipotent affine group scheme.
Similarly, one can define F,, — 1\/Iodlg’perf’ft CF,— Modg’perf’ft in this way.

In this setting, we have the following extension of Proposition 2.3.11.

Remark 5.4.3. Let Z — 1\/Iod[k,J’perf’ft’77 Z/p" — Modg’perf’&’* resp. denote the full

subcategories of Z — Modg’perf’&, Z/p" — Modg’p bt pesp. consisting of objects which
are bounded below. Then these oo-categories have t-structures so that an object is
connective if and only if its underlying unipotent spectrum is connective.

Proposition 5.4.4. Let E be a bounded perfect unipotent IF,,-module spectrum over a
field k. Let k be an algebraic closure of k and write Z'I’Ep for the base change along a fixed
embedding k — k of Remark 2.1.5. Suppose that ig‘p(E) is of quasi-finite type. Then E
18 itself of quasi-finite type.

Proof. For this we remark that the base-change functor
z'pr : F, — Mod(Sty,) — F, — Mod(Sty)

is t-exact. This follows, for example from [Lurl8, Remark 1.3.2.8]. Note moreover, that
this ¢-structure is by construction compatible with the natural ¢-structure induced on
bounded below unipotent F,-modules introduced in Proposition 2.3.11. Hence it follows
that the induced functor on (perfect) unipotent F,-modules is t-exact as well. In each
degree we have the cofiber sequence

> (n+1)(E) = 72n(E) = m E[n]

and F will be obtained in finitely many stages in this way from its homotopy sheaves.
Now, for each n for which 7, (E) # 0, t-exactness implies that

T <if§pE) [n] = ip (mn(E)[n]) = ig, (7n(E))[n] 2= (70 (E) Xspeck Speck)[n).

Since we assumed that ifbﬁp(E) is a quasi-finite type spectrum object, its homotopy

sheaves will be unipotent group schemes over k of quasi-finite type. In particular,
Tn(E) XSpeck Spec k is quasi-finite over k. Hence, by Proposition 5.1.21, we see that
7 (E) is itself quasi-finite over k. It follows that E is a quasi-finite type perfect unipotent
Fp-module spectrum over &. ]

It is only after restricting to perfect unipotent IF,-modules of quasi-finite type, that
we obtain a duality. First we set up some preliminaries.

Remark 5.4.5. The stable co-category Sp(Sty) acquires a closed symmetric monoidal
structure. Indeed, this category can be written as a tensor product

Sp(Sty,) ~ Sp @ Sty

in Pr’, the symmetric monoidal oo-category of presentable co-categories. From this
description, we see that Sp(Stx) is an E-algebra in this category. Now for any object
A € Sp(Stg), the functor A ® — commutes with V-small colimits and thus admits a
right adjoint RHom(A, —).
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Remark 5.4.6. In the same way, by passing to F,-module objects, we see that
[F,, — Mod(Sty,) inherits a closed symmetric monoidal structure.

We will see that the desired duality functor can be defined by restricting the linear
duality on IF,, — Mod(Sty), which we forthwith denote by RHom(—,Z/p), to the relevant
subcategory of unipotent IF,,-modules. First we recall some basic Ext-computations:

Lemma 5.4.7. There are equivalences
RHom(Gg,Z/p) ~ G,|—1], RHom(Z/p,Z/p) ~Z/p
in Modg;perf.

Proof. We recall an argument given by Breen in [Bre06]. Applying RHom(G,, —) to
the Artin—Schreier sequence

0—=2Z/p— G, 511»@,;,
together with the vanishing of higher Ext groups of G,, we get the exact sequence
0= RFFYSRFF15SR-0
for any perfect k-algebra R, where

T ( z’"‘: a,iFi> = Za;pi.

Hence, Ext}(G,,Z/p) = 7_1 RHom(G,, Z/p)(R) = R, with all other Ext terms vanish-
ing. This globalizes to RHom(G,,Z/p) ~ G,[—1].

For the second identification we use the first equivalence, together with RHom(—,Z/p)
applied to the Artin-Schreier sequence to deduce the cofiber sequence

F—1
Ga[_l] — Ga[_l] — Z/p =~ Rm(z/paz/p)a
in the category of perfect unipotent Fp-modules. O
This gives the following dualizability statement in F,-modules in stacks.

Proposition 5.4.8. Let E be a perfect unipotent spectrum of quasi-finite type which is
moreover bounded with respect to the t-structure of Remark 5.4.3. Then E is dualizable
with respect to the symmetric monoidal structure on Modr, (Sp(Sty))).

Proof. Using the t-structure, any perfect unipotent spectrum of quasi-finite type satisfy-
ing the hypotheses above may be built in finitely many steps via extensions from perfect
unipotent group schemes of quasi-finite type. Since dualizable objects are closed under
extensions and shifts, it is enough therefore to show that a unipotent group scheme G of
quasi-finite type is dualizable. Furthermore, since any such G has a finite filtration with
associated graded pieces being closed subgroup schemes of Grett by Proposition 5.1.18,
we may without loss of generality assume that G is such a group scheme.

Let us form RHom(G,Z/p), the internal mapping object. We will show that the
natural map

(5.4.9) G — RHom(RHom(G,Z/p),Z/p)
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is an equivalence. Since objects of Modr, (Stx) are in particular sheaves of F)-module
spectra satisfying fpqc descent, it suffices to verify that the pullback of (5.4.9) along the
cover Spec k — Spec k associated to a fixed embedding k — k is an equivalence. Since
k is algebraically closed, the only choices for G Xgpec . Spec k will be G or Z /p, and
these are clearly dualizable by the computation in Lemma 5.4.7. ([l

We will now use this to show that the oo-category of perfect unipotent spectra of
quasi-finite type which are moreover bounded with respect to the t-structure inherits a
duality, which reduces to the duality of Milne mentioned in the beginning of the section.

Theorem 5.4.10. Let (F, — Modg’perf’ﬁ)bd denote the category of quasi-finite type
perfect unipotent F,-modules over k which are bounded with respect to the t-structure
on unipotent spectra. Then the functor

RHom(—, Z/p) : (Modgfdfp — Mody ™

defines an autoduality of (Fp — Modg’perf’ﬁ)bd

Proof. Let E be a perfect unipotent F,-module satisfying the hypotheses in the statement.
We have shown in Proposition 5.4.8 that E is a dualizable object in Modg, (Stz). Let
RHom(FE,Z/p) denote its dual. We need to show that this is also perfect unipotent of
quasi-finite type. Let us first assume that we are working over an algebraically closed
field k.

By the hypotheses on F, there exist integers —IN, M for which

0—=0—=mmu(E) = >u-1)(E) = NE)~E=FE=---
such that in each degree we have cofiber sequences
T>(nt1) (B) = Ton(E) = m Eln].

Hence, E ~ 7>_y(F) is built inductively in finitely many steps out of shifts of perfect
unipotent group schemes of quasi-finite type. Applying RHom(—, Z/p) to everything in
sight, we obtain analogous cofiber sequences

RHO7H1(7TnE[n]> Z/p) - RHO7H1(TZTL(E)7 Z/p) - RHO7H1(7F71E[TL]7 Z/p),

so that RHom(FE, Z/p) is itself built up in finitely many steps out of objects of the form
RHom(G,Z/p), for G a perfect unipotent group scheme of quasi-finite type. We claim
now that for G of this form, that RHom(G,Z/p) is itself a perfect unipotent Fp-module
of quasi-finite type. For this, recall from Proposition 5.1.20 that every perfect unipotent
group G of quasi-finite type has a (finite) composition series

---GZ‘_:,_lCGiC”-GlCG():G

where the quotients G;/G;y1 are either (Ggerf or Z/p. So it reduces to showing the
claim for G being either one of these two groups, and this will be a consequence of the
computations in Lemma 5.4.7.

We now let k£ be an arbitrary perfect field of characteristic p, and let E be as in the
statement. Then F is dualizable when viewed as an object of the symmetric monoidal
oo-category Modr, (Sti). Hence there is an equivalence

v, RHom(E, Z/p) ~ RHom(ix, (E), Z/p)
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in Modp, (Stz). By the first part of the proof, since Lﬁ}p(E) is perfect unipotent of quasi-
finite type, so will RHom(Lpr (E),Z/p). The result now follows from Proposition 5.4.4.
]

5.5. Representability and duality for p-torsion syntomic cohomology. We now
apply the above duality of perfect unipotent spectra to mod p syntomic cohomology.
We first recall the following result originally due to Milne in [Mil76, Theorem 1.9]
(cf. [Bha23, Corollary 4.5.6]).

Theorem 5.5.1 (Milne). Let k be a finite field and let X /k be a smooth proper k-scheme
of dimension d. For each integer i there is a natural isomorphism

RUsya(X,Z/p(i)) = RUsyn(X,2/p(d — ))"[~2d — 1]
in Perf(IF)).

We emphasize that the above statement is specific to the case where k is a finite field.
If, for instance, k = k is algebraically closed, the above statement does not hold. Milne
observed that in this case, one can obtain a more uniform duality statement, which
needs to be interpreted at the level of sheaves of complexes over the étale site over the
base, and not at the level of the derived category of IF,,; see [Mil76, Theorem 2.4].

In this section, we interpret the latter duality of Milne in its natural context of perfect
unipotent spectra. We begin with the following proposition, concerning the relevant
object to which the duality shall be applied.

Proposition 5.5.2. Let X be a smooth proper k-scheme of dimension d and fix i € Z
and v > 1. Then the functor determined by

Sch?™ 5§ — RTsyn(X x S, Z/p" (i)
s represented by a quasi-finite type perfect unipotent spectrum over k, which we denote
by 7,/p" (i),
Proof. By devissage, we immediately reduce to the case of v = 1. By the mod p

reduction of [Bha23, Proposition 4.4.2] and Corollary 5.1.16, it suffices to show that the
assignments

S+ NZ'¢*RT ) (X x S)/p and S+ RT ) (X x S)/p

where N'Z? is the Nygaard filtration are represented by quasi-finite type perfect unipotent
spectra over k. Recall that we have equivalences

NZ04*RT ) (X x S)/p= ¢"RUp(X x S)/p = RT,(X x S)/p =~ RTyrr(X x S)

where the latter denotes Hodge—Tate cohomology. Furthermore, for each j there are
fiber sequences

NZIHLRD (X % 8)/p — NZIRT ) (X x S)/p — Fill_ . RTur(X x S)/p

conj

where Fil/ .RTyr(X x S) denotes the conjugate filtration on Hodge-Tate cohomology.

conj
Thus it suffices to show that the assignments

S Rlpp(X x S) and S — Fill_ RTyp(X x )

conj
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are represented by a quasi-finite type perfect unipotent spectrum over k; the result
for N2'¢*RT') (X x S)/p follows by induction on j. Since S is perfect, Lg, ~ 0
[Sta25, Tag 0G60], therefore Ly g/ >~ p§lx/, where ps: X x S — S is the canon-

ical projection. Now RI'(X x S, Lg(ij/k) ~ RI(X, Q?X/k) ® S. Since X is smooth

and proper, RI'(X, Q?X /k) is a perfect complex of k-vector spaces and the assign-

ment S — RI'(X x S, }LQX . /k) is represented by a finite product of Ggerf[m] for

m € Z. Since Fil/_ RTup(X x S) has a finite filtration with associated graded

conj

RT(X x S, A"Lys/,[—7]) for 0 <7 < j and Fil/. . RUy7(X x S) ~ RTyr(X x S) for

conj

large enough 7, the desired result follows. O

One has the following more general result when X is not necessarily assumed to be
smooth but only proper lci. However, the resulting unipotent spectrum is not necessarily
quasi-finite in this generality.

Proposition 5.5.3. Let X be a proper lci k-scheme of dimension d and i € Z. Then
the assignment
S = Rlgyn(X x S,Z/p" (1))

ranging over S € Schzerf 1s represented by a perfect unipotent spectrum over k, which
uni

we denote by Z/p” (i){".

Proof. The proof is similar to Proposition 5.5.2, but requires some modifications. Once
again, by devissage, we immediately reduce to the case of v = 1. By [BL22, Proposition
7.4.6], it will suffice to show that the assignment

S NZig* RT 5 (X x S)/p,

is represented by a perfect unipotent spectrum, where the latter denotes Nygaard-
completed variant of crystalline cohomology. By Nygaard completeness, we have

NZiG*RTp (X x 8) = Im N6 RT 5 (X x S)/NZH56" RU (X % S).
S
Since the category of unipotent spectra is stable under limits by Proposition 2.1.17,
by considering the graded pieces of the Nygaard filtration, it suffices to show that the
assignment

S+ Fill_ RTur(X x S)

conj
is representable by a perfect unipotent spectrum over k for each j. For this, by passing
to the graded pieces of the conjugate filtration, it suffices to show that the assignment

S RU(X x 8, g) = RU(X, LY ) @4 S

is representable by a perfect unipotent spectrum. However, since Ly, is a perfect
complex with Tor amplitude in homological degrees [0,1] and X is proper, the above
functor is isomorphic to a finite product of Ggerf[m] for m € Z. This finishes the
proof. O

We extract the following corollary, recovering a result of Illusie-Raynaud, cf. the
discussion after [IR83, Lemme 3.2.2] and extending it to the lci case.
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Corollary 5.5.4. Let k be a field and let X be a proper lci scheme over k. Let
Z/p* (i) be as above. Then for each n,i > 0, the homotopy sheaves m,(Z/p” (i)),
will be representable by unipotent group schemes over k; these will be of quasi-finite type
if X is smooth.

Milne’s duality statement in the smooth case implies the following statement.

Theorem 5.5.5. Let X be a smooth proper k-scheme of dimension d and i € Z. Then
there is a natural equivalence

(Z/p(i) )" = (Z/p(d - )X") [2d]

of perfect unipotent Fj,-module spectra of quasi-finite type over k, where we regard
Z/p(i)3 and Z/p(d — z)uXm as perfect unipotent spectra by Proposition 5.5.2 and (—)Y
denotes the linear duality of Theorem 5.4.10.

Proof. Below we assume ¢ > 0, since both sides above vanish for ¢ < 0. Recall that
there exist pairings

Z[p(m) ® Z/p(n) — Z/p(m + n)
of sheaves on the quasi-syntomic site of k. This can be seen from the equivalence
Osyn{m} ® Osyn{n} ~ Osyn{m + n} of invertible objects in F-gauges. This gives rise
to a natural pairing

Z/p(m)ani ®7Z/p(n )unl — Z/p(m + n)unl

of objects in Modp, (St};erf). Now if 7 : X — Spec(k) is a proper smooth morphism of
relative dimension d, there is a trace map'

Z/p(d)¥" — Z/p-2d).
This is a consequence of [Mil76, Theorem 2.4]; it can be alternatively viewed as a
consequence of Poincare duality (cf. [Tan24, Bha23]) for the F-gauge Hgyn(X) and the
resulting map
Hsyn(X) = Osyn{—d}[-2d]
in the category of F-gauges over k. As a consequence of [Mil76, Theorem 2.4], this
gives rise to a perfect pairing, for each ¢,

Z[pX(i) @ Z/pR(d — i) — Z/pX"(d) — Z/p[~2d],

where the latter denotes the constant sheaf on St?" with value Z/p[—2d]. Hence, we
obtain the desired equivalence

Z[pX'(d — i) ~ RHom(Z/pX" (i), Z/p)[~2d] . 0

Remark 5.5.6. We remark that the objects Z/p'i(i) agree with the objects m,v(i)[—i]
in the notation Milne uses in [Mil76], when viewed as objects in the same category.
These correspond to certain étale sheaves v(7) on the perfect site over X, pushed forward
to the perfect site over Spec k. By Proposition 5.5.2, these are in fact fpqc sheaves on
the perfect site, and are moreover unipotent F,-modules in our terminology.

IMilne’s paper has a typo where the map is off by a shift.
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5.6. Duality for p-power torsion syntomic cohomology. In this section, we exhibit
a duality on Z-modules in quasi-finite type perfect unipotent spectra; our construction
is analogous to Pontryagin duality. Using this duality functor, we show that Poincaré
duality for syntomic cohomology with mod p™ coefficients lifts to an equivalence in
perfect unipotent Z-modules.

Proposition 5.6.1. Let F' be a Z/p"-module sheaf on the perfect site over k. Then
there is an equivalence

RHomy(F,Q,/Zy) ~ RHomZ/an(F, Z/p")
of Z-modules.
Proof. Recall that there exists a right adjoint u' : Mody /pn — Mody to the forgetful

functor given by M — RHomgy(Z/p", M). Letting M = Q,/Z,, and F be as in the
statement, and using the adjunction, we get that

RHomgz(F,Qp/Zy) ~ RHomg,,(F, U!(Qp/zp))~
Now we identify u'(Q,/Z,) with Z/p". For this, note that.
u'(Qp/Z,) ~ RHomgz(Z/p",Q,/Z,) = colim,, (R Homgz(Z/p", Z/p™))

since Z/p™ is compact as a Z-module. The above colimit stabilizes to Z/p™, giving the
desired identification. 0

Now, for any perfect unipotent Z-module of quasi-finite type E, we set
EY = RHom(E,Qy/Zy)

We have the following refinement of Milne’s duality [Mil76] in the general Z-linear
setting.

Theorem 5.6.2. Let (Z—Modg’perf’ﬁ) denote the co-category of quasi-finite type perfect
unipotent Z-modules over k which are bounded with respect to the induced t-structure.
Then the functor

(=) = RHomy(—, Qy/Zp) : Modz(Sp(Stx)) — Modz(Sp(Stx))*”
restricts to an autoduality on (Z — Modg’perf’ft).

Proof. This will essentially follow formally from Theorem 5.4.10, which holds over ).
Let E be an arbitrary perfect unipotent Z-module of quasi-finite type satisfying the
conditions of the statement. We need to show that EV lands in this category, and that
(EY)Y ~ E. As in the proof of Theorem 5.4.10, we take the Postnikov tower of E, which
allows us to reduce to the case G = m,(F), for G a perfect unipotent group scheme of
finite type. Now, we use the fact, c¢f. Proposition 5.1.18, that G has a finite filtration
where the graded pieces are closed unipotent perfect subgroup schemes of GE™!. In
particular, these associated graded pieces are naturally Z/p-modules. Let gr'(G) denote
one of these quotients. Then, via the previous proposition, we have equivalences

RHomy(gr'(G), Qp/Zy) ~ RHomy, (gt (G), Z/p)
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of Z-module objects. In this case (gr'(G))Y is itself perfect unipotent of quasi-finite

type and A ‘

((gr'(G))")" ~ gr'(G)
by Theorem 5.4.10. By dévissage, we deduce an equivalence ((G)Y)" ~ G of unipotent
spectra. (]

We now conclude by showing that Theorem 5.5.5 holds more generally with mod p"
coefficients.

Theorem 5.6.3. Let X be a smooth proper k-scheme of dimension d and i € Z. Then
there is a natural equivalence

(Z/p" (D))" = (Z/p"(d — i) ¥")[2d]
of perfect unipotent Z-module spectra of quasi-finite type over k, where we regard

Z/p(i)3 and Z/p(d — i) as perfect unipotent spectra by Proposition 5.5.2 and (—)Y
denotes RHomy(—,Q,/Z,) of Theorem 5.6.2.

Proof. We will again take ¢ > 0, since both sides vanish for ¢ < 0. Let ¢ : S — Speck
be an arbitrary perfect affine scheme over Spec k. Since X is smooth and proper over
Spec k, there is a perfect pairing

Hoyn (X) {1} @ Hoyn (X){d — i}[2d] = Opsym.

of F-Gauges over k [Tan24]|. Applying the symmetric monoidal functor
(¢¥™)* : F — Gauge(k) — F — Gauge(S)
gives a perfect pairing in F-Gauge(S). We set Hgyn(X X §) = (¢™")* (Hsyn(X)).
Reducing modulo p” for each n gives a perfect pairing
Hayn(X x S){i}/p" @ Hayn/p" (X x S){d — i}[2d] — Ogevn [p".
Finally, consider the cohomology functor

RU(S™", —) : F — Gauge(S) — Modgz/,n -
Since the cohomology functor is lax monoidal, the aforementioned perfect pairing induces
a map
(5.6.4) RTgyn(X x S,Z/p"(i)) ® Rlsyn(X x S,Z/p"(d — 1))[2d] = RLsyn(S,Z/p") .
Note that there is an equivalence RI'syn (S, Z/p") ~ RI'¢ (S, Z/p") with étale cohomology
(which also agrees with fppf cohomology as well).

Observe that for a fixed perfect affine scheme S, we have described a functor X +—
RT'syn (X x S,Z/p"(3)) for each i > 0. Letting S vary over perfect affine schemes over

k, we regard RDgyn(X x (—),Z/p"(i)) for i > 0 as objects of PSh (Aff}gerf) These are

moreover representable by perfect unipotent Z/p"-modules via Proposition 5.5.2. In
particular, functoriality of (5.6.4) in S induces maps

Z/p" () @ Z/p"(d — )¥[2d] — Z/p"
of unipotent Z/p™-modules for every n > 1 and ¢ > 0, which we compose with Z/p" —
Qp/Zy, to obtain the pairing

Zfp" ()R ® Z/p"(d — )§"(2d] = Qp/Zyp .
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We show that this pairing is perfect, namely that the adjoint
a: Z/p"(d — i)§"[2d] — RHomy,(Z/p" ()X, Qp/Zy)
is an equivalence. For this, recall first that

RHomy, (Z/p"()X", Qp/Zy) ~ RHomy, . (Z/p" (1)K, Z/p") .

by Proposition 5.6.1. By a variant of Proposition 5.4.8, Z/ p”(i)“Xni will be a dualizable
object in fpqc sheaves of Z/p"-modules on the perfect site. Hence there will be an

equivalence
RHowy ,n (Z/p" (i), Z/p") @z/pm Fp =~ RHomg (Z/p(i) ¥, F,) -
Via these equivalences, we may identify the mod p reduction of o with the map
Fp(d — i)¥"[2d] - RHom (Fp@')g(nia p)

of Theorem 5.5.5; in particular, it is an equivalence. Hence the map « is an equivalence
as well by the derived Nakayama’s lemma, since « is a map between Z/p"-modules, and
thus a map of p-complete objects. O

5.7. Duality for p-complete syntomic cohomology. In this final section, we de-
scribe how to extend the Z/p™-linear dualities described above to p-complete perfect
unipotent spectra. We then show that in the context of Proposition 5.5.2, Poincaré
duality for syntomic cohomology promotes to an equivalence of perfect unipotent spectra.
For this we need a notion of p-complete unipotent Z,-module, which we define below.

Definition 5.7.1. Let D(Z);} denote the stable co-category of p-complete Z,-modules.
For a D(Z)-module C in Pr", its p-completion is defined as C) := C ®p(z) D(Z)})
Proposition 5.7.2. There is an equivalence

(Z—Mod}))} ~ lim(Z/p—Mod}, - Z/p*~Mod} + ---)

Proof. For this we note that there is an obvious equivalence of presheaf categories given
by

Fun(Aff}?, ’D(Z);\) ~ lim(Fun(Aff,", D(Z/p)) + Fun(Affy", D(Z/p*)) < -+ -)
Now, note that we may view the natural map
(Z—Mody)y = lim(Z/p—Mody, + Z/p*~Mod}] « -+)

as a retract of this equivalence, via Remark 2.1.9. We now conclude the equivalence in
the statement, using the fact that equivalences are stable under retracts. ]

Construction 5.7.3. For each n, let Cf{ft denote the full subcategory of Z/p"-modules
in perfect unipotent spectra spanned by the quasi-finite type objects which are bounded
with respect to the t-structure of Remark 5.4.3. By Theorem 5.6.2, the functors

Dy, (=) = RHomy, ;n (—, Z/p") : (Modz,pn (Sp(Stx)))*P — Modzn (Sp(St))
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restrict to an equivalence D, : catt ~ (Caft)°P_ Note that if E € Cgft, then EQZ/p"~! €
Cgffl. In other words, we have a commutative diagram

f f
e y O
(5.7.4) l l
MOdZ/pn (Sp(Stk)) MOdZ/pnfl(Sp(Stk)),

®Z/an/p"7
where the vertical arrows are the inclusions of full subcategories.

Definition 5.7.5. We set
cpro-aft .— |im Cgft
to be the limit along the horizontal maps in the diagram (5.7.4). Alternatively, C4" can
be described as the full subcategory of perfect unipotent p-complete modules for E for
which F® Z/p" € cat for every n > 0.
We remark that Z — ModV 9% the co-category of quasi-finite type perfect unipotent
spectra sits as a full subcategory of CP 9t .= lim C3 as defined here.

qft

Taking the limit of the following diagram

qft . ~aft . aft

(5.7.6) lg lg %

f ft it
= (Cri)P | (Cn" )P ———— (CRZ)P =,

where the vertical arrows are the dualities over Z/p™ of Construction 5.7.3, we obtain
an equivalence which we denote by

D : CPro qft N (Cpro— qft)op‘
The following proposition summarizes the above discussion.

Proposition 5.7.7. Let CP* 9 denote the full subcategory of p-complete perfect unipo-
tent Z-modules spanned by those objects E for which E ® Z/p" is a perfect unipotent
Z/p"-module of quasi-finite type for each m > 1. Then there exists an involutive
equivalence

D : CPro qft N (Cpro— qft)op’

which is compatible with the dualities of Theorem 5.6.2.

We conclude with the following description of the behavior of syntomic cohomology
as a p-complete unipotent Z-module. Let k be a perfect field of characteristic p, and let
X be a smooth and proper scheme over Spec k. We let Zp(i)}l(ni be the presheaf on the
perfect site which, for every perfect scheme S, sends

S+ RDsyn (X x S, Zy(i)) € D(Z);,

By Proposition 5.5.2 the above functor is representable by a p-complete perfect unipotent
Z-module, and is an object of CPro-aft,
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Theorem 5.7.8. Let Z, (i) be as above. Then there is an equivalence
D(Zy(0)X") = Zp(d — )K" [24)]
of p-complete unipotent Z-modules.

Proof. The proof will be a consequence of Theorems 5.5.5 and 5.6.3. Indeed, for each n,
we have an equivalence

Zp(d — i) 2d] @ Z/p" ~ Z/p™(d — i)Y' [2d] ~ (Z/p" (i) ¥")".

uni

Here, the last term on the right denotes the Z/p"-linear dual of Z/p™(i)". By construc-
tion, these equivalences are all compatible with extension along scalars Z/p™ — Z/p" 1.
Taking the limit of these equivalences ranging over all n produces an equivalence

Zp(d — ) [2d] == D(Z,(0)§),
as desired. 0
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