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Abstract

In this paper, we introduce a notion of derived involutive algebras in C;-Mackey functors
which simultaneously generalize commutative rings with involution and the (non-equivariant)
derived algebras of Bhatt-Mathew and Raksit. We show that the co-category of derived involutive
algebras admits involutive enhancements of the cotangent complexes, de Rham complex, and
de Rham cohomology functors; furthermore, their real Hochschild homology is defined. We
identify a filtration on the real Hochschild homology of these derived involutive algebras via a
universal property and show that its associated graded may be identified with the involutive
de Rham complex. Using Cy-co-categories of Barwick-Dotto—Glasman-Nardin-Shah, we show
that our filtered real Hochschild homology specializes to the HKR-filtered Hochschild homology
considered by Raksit.
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1 Introduction

1.1 The Hochschild—Kostant-Rosenberg theorem
There is a two-way dialogue between vector bundles and topology:

» the collection of all isomorphism classes of finite rank vector bundles on a compact topological
space X reflects the homotopy type of X: For instance, the collection of complex line bundles
on X up to isomorphism is in bijection with cohomology classes in H?(X; Z); for a line bundle
£ on X, its associated invariant in H?(X; Z) is its first Chern class c1(£).

» vector bundles can in turn be used to study topology: If 7: E — X is a fiber bundle with
compact fibers, then for each /, the cohomology of the fibers H'(E,;C) assemble into a
complex vector bundle over X which reflects ‘how twisted” the fiber bundle 7 is.

While two complex vector bundles on a compact space X which have the same Chern classes are not
necessarily stably equivalent, we do know this: The homomorphism ch: KU%(X) — He®"(X; Z)
induced by sending a complex vector bundle V on X to its Chern classes is a rational equivalence,
ie. ch®Q: KU'(X) ®Q — H®*"(X;Q) is an isomorphism.

The collection of algebraic vector bundles on a scheme X reflects both the arithmetic and algebro-
geometric structure of X. Because algebraic vector bundles are significantly less well-understood
than their topological counterparts, algebraic Chern classes are crucial to understanding algebraic
K-theory. The algebraic Chern character is constructed as follows for affine schemes. Let A be a
commutative ring and B an commutative A-algebra; Hochschild homology HH(B/ A) is a simplicial
commutative A-algebra with S'-action. There is a map K(B) — HH(B/ A) called the Dennis trace,

which factors through the homotopy fixed points of the Sl-action: K(B) — HH(B/A)'S'. That

the Dennis trace and its corresponding lift to HH(B/ A)hSl comprise an algebraic analogue of the
Chern character in part relies on the following classical result.

Theorem 1.1.1 ([HKR62]). Let B be a smooth A-algebra. Then there are canonical isomorphisms HH, (B/ A)
Qj, 4. Moreover, the Sl-action on HH(B/ A) induces the de Rham differential on HH, (B/A) ~ Q0 e

Theorem 1.1.1 is also a starting point for many recent advances in mixed characteristic co-
homological invariants for schemes; let us note a few. This characterization of HH(—/Z) im-
plies powerful descent results for topological Hochschild homology, which in turn were used by
Bhatt-Morrow-Scholze to relate TC and TC™ to syntomic and Aj,¢-cohomology, resp. [BMS19].
Furthermore, that the aforementioned trace map can be lifted to a filtered map is crucial to Elmanto-
Morrow’s construction of motivic cohomology theory for not necessarily smooth schemes [EM23].
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Observe that Theorem 1.1.1 could just as well be rephrased as: there exists a filtration on
HH(B/A) whose associated graded is identified with the de Rham complex Q. In recent
work, Raksit has proven a systematic generalization of Theorem 1.1.1 which is functorial in B and
simultaneously characterizes HH, the derived de Rham complex, and filtered Hochschild homology
by universal property [Rak20]. Raksit’s result completely and precisely describes how the filtration
interacts with both the S!-action and algebra structure on Hochschild homology.

Vector bundles often are naturally equipped with additional structure. For instance, if 77: E — X
is a bundle of compact orientable 4n-manifolds over X equipped with a compatible family of
orientations, then the vector bundle on X determined by H?"(E,;R) acquires a non-degenerate
symmetric bilinear form via Poincaré duality. Such vector bundles with symmetric bilinear forms
assemble into a cohomology theory called real K-theory; it may be regarded as an algebraic analogue
of KO. More broadly, non-degenerate symmetric bilinear forms (or variants such as conjugate
linear forms) play an important role in number theory, algebraic geometry, and algebraic surgery
theory [Ati66; Con00; Jacl7; Mil70; Qui72; Voe96; Wal62; Wit37]. Recent progress in enriched
enumerative geometry uses real K-theory to explain the failure of certain counting formulas over
non-algebraically closed fields [BW23; Lev20; McK21; SW21].

In this work, we will be interested in characteristic classes for real K-theory and the cohomology
group(s) that they take values in. Hesselholt-Madsen have introduced real Hochschild homology,
which receives a natural transformation from real K-theory [HM15; HNS]. Using said natural
transformation, Cortifias defined Stiefel-Whitney characteristic classes for real algebraic vector
bundles [Cor93a]. The purpose of this paper is to prove a functorial Hochschild-Kostant-Rosenberg-
style theorem for real Hochschild homology. In other words, we identify a natural filtration on real
Hochschild homology and characterize its associated graded.

Before we proceed, let us comment on the nature of the desired result. Just as any vector bundle
with a nondegenerate symmetric bilinear form has an underlying vector bundle, real K-theory has
an underlying spectrum given by ordinary algebraic K-theory, real Hochschild homology has an
underlying functor given by ordinary Hochschild homology, and so on. This paper shows not only
that real Hochschild homology admits a functorial filtration, but also that on underlying objects, said
filtration agrees with that of Theorem 1.1.1. The theory of C;-Mackey functors and C;-co-categories
(the latter due to Barwick-Dotto—Glasman-Nardin-Shah) allows us to systematically keep track
of the relationship between our definitions and results and their non-involutive counterparts.
Moreover, working with Cp-co-categories has theoretical significance, in addition to facilitating
bookkeeping: The universal property of real Hochschild homology is internal to C,-co-categories
(compare [QS22]).

1.2 The main result

Let us elucidate a setting in which a real Hochschild—Kostant-Rosenberg theorem can be expected
to hold. Real topological Hochschild homology is a functor which takes Cp-[Eo-algebras to Cp-Eoo-
algebras with 57-action; real Hochschild homology is a relative variation on the same construction.
In order for real Hochschild homology to inherit coherently commutative multiplication, it must be
taken relative to a base which has sufficient algebraic structure. Furthermore, while Hochschild
homology is defined for any E-Z-algebra, the (non-equivariant) Hochschild-Kostant-Rosenberg
theorem applies only to commutative Z-algebras and their derived counterparts. Thus, to formulate
and prove a real enhancement of the Hochschild-Kostant-Rosenberg theorem, we require these
auxiliary results and constructions:



» Fix a discrete commutative ring k with an involution. Our earlier work implies that the
fixed point Cp-Mackey functor k admits a canonical enhancement to a Cy-[E-algebra—in
particular, there exists a notion of C;-E«-k-algebras [Yan25]. It follows that the real topological
Hochschild homology relative to k is defined and takes Co-IEco-k-algebras to Co-Eco-k-algebras.

» We will extend the theory of nonconnective simplicial commutative k-algebras of Bhatt—
Mathew to C;-Mackey functors over the fixed point Co-Mackey functor k (Definition 5.2.12).
We will call these objects derived involutive k-algebras' and denote the category of such objects
by DAlg;. The objects of DAlg; bear a certain resemblance to Tambara functors, but they are
less general; they may be thought of as derived versions of cohomological Cy-Tambara functors
(see Variant 5.3.11(2)). On the other hand, any derived k-algebra can be regarded canonically
as a derived involutive k-algebra by endowing it with the trivial C;-action (Remark 5.3.10).
The category DAIgy admits forgetful functors both to Cp-E-k-algebras and to the derived
k-algebras of [Rak20]. It also admits all Cp-colimits and Cp-limits (Proposition 5.2.14); hence,
the real Hochschild homology of (the underlying C,-E-algebra of) a derived involutive
k-algebra A is itself a derived involutive k-algebra.

» For any derived involutive algebra A, we introduce a notion of hj -differential graded A-
module. This is a twisted analogue of a homotopy coherent cochain complex: An object
consists of a graded A-module {X. }.cz with differentials d: £7X; — X;,1 which square to
zero in a homotopy coherent manner. On underlying objects, the differential £!X¢ — X¢ 118
antilinear with respect to the Cy-action (see Remark 6.2.5). Furthermore, there is a notion of a
derived involutive algebra in the category of i -dg A-modules (Definition 6.2.10), which we
refer to as h -dg derived involutive A-algebras and denote by DG’ DAIg?.

With these notions in place, we prove:

Theorem 1.2.1. Let k be a discrete commutative ring with an involution, and let k be the associated fixed
point Co-Mackey functor (Example 2.3.5).

(1) (see §7.1) There exists a functor called real Hochschild homology
HR(—/k) : DAng — DAng
which is a linearization of THR (Remark 7.1.5) and whose underlying object is Hochschild homology.
(2) (Proposition 6.1.7) There exists a functor called the involutive cotangent complex
IL_x : DAlgy — Mody;

for a derived involutive k-algebra A, the underlying k-module of IL 5 /i is the ordinary derived cotangent
complex IL ge /.

(3) (Theorem 6.2.22) There exists a functor called the involutive derived de Rham complex
O™, : DAlg] — DG}~ DAlg]

whose underlying h.-dg k-algebra is the derived de Rham complex of A° over k in the sense of [Rak20,
Definition 5.3.3]. For a derived involutive k-algebra A, the underlying graded derived involutive
k-algebra of the involutive derived de Rham complex of A over k can be computed as

LQ%7, ~ LSym§ (2L 4/k(1)),

!In keeping with [Cal+23], one might prefer to call these derived commutative k-algebras with genuine involution.



where LSym? is the free graded derived involutive A-algebra functor.

(4) (Theorem 7.2.6) Given A € DAlgy, there exists a natural decreasing Z.>o-indexed filtration fil=*HR(A/k)
on HR(A/k) with natural isomorphisms

gr*HR(A/k) ~ LO%Y, fil’HR(A/k) ~ HR(A/K) .
Moreover, the underlying filtered object of fil=*HR(A/k) is the filtered Hochschild homology of A®
over k in the sense of [Rak20].

We refer to the filtration in Theorem 1.2.1(4) as the real Hochschild—Kostant—Rosenberg theorem, or
the HKRR filtration. We expect a characterization of the individual terms in the involutive de Rham
complex in terms of an involutive analogue of derived exterior powers, but we defer this question
to future work (see Remark 6.0.1).

Remark 1.2.2 (The filtered involutive circle). As in [Rak20], we characterize filtered real Hochschild
homology by a universal property. In order to do this, we introduce the notion of a filtered S-action
(roughly, an action of S” which increases the filtration degree) on a Z-module. A filtered S”-action
on a filtered Z-module determines a S?-action on its underlying Z-module; its associated graded
Z has a “twisted” differential graded structure. The universal property of filtered real Hochschild
homology is in the Cy-co-category of filtered derived involutive algebras with filtered S7-action.
This definition is made possible by the existence of certain involutive bialgebra structure on Z°%,
which itself hinges on a remarkable coincidence: the regular slice and Postnikov connective covers
agree on z5.

Remark 1.2.3. In the non-involutive setting, one may a posteriori identify the resulting filtration on
HH(A/k) (where k, A are discrete and A is smooth over k) with the Postnikov filtration. Here, we
hope to take up the questions of whether our filtration on HR arises from a filtration intrinsic to the
Cy-o0o-category of k-modules and whether our filtration is complete in future work. However, let us
note that existing work suggests that addressing these questions will be less straightforward than
in the non-equivariant case (compare [HP23], in particular see Lemma 4.26).

We define filtrations on real negative cyclic homology and real periodic cyclic homology, which
are equivariant analogues of negative cyclic homology and periodic cyclic homology. In this
direction, we show:

Theorem 1.2.4. Let k be a discrete commutative ring with an involution, and let k be the associated fixed
point Co-Mackey functor (Example 2.3.5).
(1) (see §6.2) There exists a functor called the Hodge-filtered Hodge complete involutive de Rham cohomol-
gy ‘TdRﬁ'/Zkl: DAlg{ — EwAlg (Fil" (Mody)) whose underlying object is ordinary Hodge-filtered
Hodge-completed derived de Rham cohomology.

(2) (see §7.3) Let A be a derived involutive algebra over k. There are decreasing Z-indexed filtrations on
real negative cyclic homology fil*"HCR ™~ and real periodic cyclic homology fil*HPIR with associated
graded pieces given by

gr'HCR ™ (A/k) ~ “dR)y7[pi] gr'HPR(A/k) ~ “dR); ;[0i] i€ Z.

Here (—)[pi] denotes a shift by i copies of the reqular representation sphere. These isomorphisms are
compatible with the equivalences of [Rak20, Proposition 1.2.4].



Remark 1.2.5. We expect the [E-algebra structure on the involutive derived de Rham cohomology
of a derived involutive algebra (1) to promote to a Cp-E« algebra structure (Remark 6.2.28). Our
results in Theorem 1.2.4(2) are only partial: We were unable to delineate precise conditions under
which the filtrations in (2) are complete and exhaustive, and hope to return to this in future work.

At first glance, the main results of this paper are purely formal and take their ideas directly from
[Rak20]. However, underpinning the main theorems is a whole host of technical results devoted
to showing that certain Cy-co-categories, Cy-0o-operads, and objects therein have good structural
properties. The reader who is more interested in parametrized co-category theory and/or genuine
equivariant homotopy theory might find these results to be of independent interest; let us survey a
selection here.

Theorem 1.2.6 (Corollary 3.1.13, Proposition 3.1.20). The C;-co-category Gr (Sjcz) (resp. Fil (Sjcz) )

of graded (resp. filtered) Cy-spectra admits a canonical Cy-symmetric monoidal structure given by parametrized
Day convolution. Moreover, the associated graded functor promotes canonically to a Co-symmetric monoidal
Co-functor.

Proposition 1.2.7 (Proposition 3.2.22). Let A denote a connective Eoo-algebra in Sp©2.

(1) The regular slice filtration on A-modules is right separated, i.e. the intersection (,cz T;S,lfce Mod 4 (SpCZ)

is zero.

(2) The regular slice filtration on Mod 4 is right complete, i.e. the canonical functor
Mody — lim (- - - = Mod g rslice>~1 — Mod 4 rslice>0)

is an equivalence.

1.3 Related work

This work was very much inspired by [Rak20]; the reader who is familiar with that work will
immediately notice how many of the ideas in this text (such as the proof of Theorem 7.2.6) are
borrowed from there. However, the usage of genuine equivariant homotopy theory and Cp-co-
categories inevitably introduces additional complexity (for instance, see Warning 2.2.7) and requires
us to prove new foundational results outside of the scope of the earlier cited work. Furthermore,
a number of the results presented here are weaker than might be expected from examining their
non-equivariant counterparts; often this is due to aforementioned subtleties, or because an existing
result in higher algebra has not (yet) been generalized to parametrized higher algebra.

A common subtlety which arises when considering equivariant enhancements of a non-equivariant
notion is: There may be more than one choice (possibly infinitely many). Indeed, another construc-
tion which may be regarded as an equivariant generalization of Hochschild homology is to use
the definition of Hochschild homology in the symmetric monoidal category of k-modules. (Contrast:
A®pga A with A @y, 4 A.) Related work of Mehrle-Quigley-Stahlhauer studies the former
(which exists for arbitrary finite groups G) [MQS24], while we study the latter. Similar consider-
ations apply when comparing our work with that of Blumberg-Gerhardt-Hill-Lawson [Blu+19].
Finally, Michael Hill has introduced a notion of Kéahler differentials for Tambara functors for any
finite group G in [Hil17]. Hill’s Ké&hler differentials is broader in scope than our involutive cotangent
complex; for instance, ours is not defined on the category of all C;-Tambara functors—only the



cohomological ones. We hazard a guess that our notions agree where they are both defined, but we
do not compare the two theories here as it is out of the scope of the current work.

The relationship between real Hochschild homology and ordinary Hochschild homology with
(naive) Cy-action simplifies substantially when 2 acts invertibly on the base ring. In this setting,
our work is related to and builds off of earlier work of Cortifias, Loday, Lodder, and Solotar-Vigué-
Poirrier [Cor93a; Cor93b; Lod87; Lod96; SV96]; we discuss how they compare in §7.4.

Some of the main results in this paper were developed independently by Hornbostel and Park
[HP23]. In Theorem 1.1 of their paper, they exhibit a filtration on real Hochschild homology with
associated graded expressed in terms of the cotangent complex, just as we do here. Let us remark
on some key differences between our works here:

» The scopes of our works are different: Hornbostel-Park not only prove a Hochschild-Kostant-
Rosenberg theorem for real Hochschild homology, but also use their result on real Hochschild
homology to prove results about real topological Hochschild homology, while our work does
not address these questions. On the other hand, while [HP23] consider arbitrary rings with
involution, their main results are more thorough for the case of rings with trivial involution
(compare Theorem 4.31 with the discussion in and after Remark 4.36 ibid.). The perspective in
this paper puts all rings with involution on equal footing, regardless of whether or not the
involution is trivial.

» The methods by which the respective filtrations are constructed diverge; while [HP23] uses
the slice filtration to construct a filtration on HR, we endow HR with a filtration by first
showing TZ*ZSU has the structure of a filtered involutive bialgebra, then defining filyxr HR
to be the universal filtered derived involutive algebra with an action of the filtered involutive
circle. In particular, we introduce a notion of derived (not necessarily connective) involutive
algebras in order to make sense of this algebraic structure on 7>, Z5, while [HP23] rely on
existing theories of derived equivariant rings.

Angelini-Knoll, Kong, and Quigley have forthcoming work on the real motivic filtration for real
THH and real TC; in the future, we hope to investigate if and how these filtrations are related.

1.4 Outline

What follows is a brief summary of the contents of the paper; for more context and motivation
for the contents of each section, we invite the reader to peruse their introductions. §2 is devoted
to preliminaries concerning equivariance. In particular, §2.1 recalls the ideas, constructions, and
notation regarding parametrized co-categories we will use throughout the remainder of the text,
while §2.2 collects structural properties of the genuine equivariant stable category. In §2.3, we
discuss homotopy-coherent genuine equivariant algebraic structures. In §3, we discuss filtered and
graded objects in a Cp-co-category and a Cp-parametrized version of the Day convolution monoidal
structure. §4 introduces C,-bialgebras and monoidal structures on their module categories. In §5,
we introduce the theory of derived involutive algebras, a simultaneous generalization of derived
algebras to the equivariant setting and cohomological Cp-Tambara functors to the derived setting.
We will use this theory to endow the filtered involutive circle with additional structure. We define
the Cp-analogues of the cotangent complex and the de Rham complex and clarify the [involutive]
cochain complex structure inherited by the involutive de Rham complex in §6. We introduce real
Hochschild homology and the filtered involutive circle in §7.1 and arrive at a definition of filtered
real Hochschild homology and prove the main theorem in §7.2, and it is subsequently extended



to the real analogues of HP and HC™ in §7.3. In §7.4, we revisit classical computations of real
Hochschild homology and dihedral homology to put our results in context.

1.5 Notation & Conventions

We use freely the language of co-categories as developed in [Lur09]. We review the theory of
parametrized oo-categories and parametrized algebras as developed by Barwick, Dotto, Glasman,
Nardin, and Shah [Bar+16a; Bar+16b; Narl17; NS22; Sha23], but the reader should consult the former
references for more details. Remark 2.1.6 gives a precise delineation of what it means for a C;-co-
category or Cp-functor to promote an ordinary co-category or functor of co-categories. In particular,
if a Cy-co-category is a C-equivariant enhancement of an ordinary co-category, our convention is
to denote it with an underline (see, for instance, Notation 2.3.9 regarding parametrized module
categories or Definition 5.2.12); this is not to be mistaken for [Bar+16b, Definition 7.4].

We co-opt most of the notation of [Rak20], adding a superscript (—)? to indicate objects which
should be thought of as a direct Cy-equivariant analogue of an existing definition.
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2 Genuine equivariance

Let k be a field and let V be a k-vector space. The space of bilinear maps homygx(V ® V, k) has a
canonical Cy-action induced by the isomorphism 7: V® V ~ V ® V; in coordinates, it is given by
sending a matrix to its transpose. An element of homyqy (V ® V, k) is symmetric if it is fixed under
this Cy-action. In this way, we see that actions of the cyclic group of order two is indispensible to
the study of symmetric bilinear forms.

In this section, we introduce the background and language we will use to describe higher alge-
braic structures equipped with an action of the group C,. We will use the language of parametrized
oo-categories of Barwick-Glasman-Nardin-Shah [Nar17; Sha23; Sha21la; NS22] because it will allow
us to compare our constructions and results to those of [Rak20] in a systematic way. In §2.1, we
recall the basic definitions of C,-co-categories; in particular, ordinary co-categorical notions such
as functors, adjunctions between functors, and limits and colimits have versions internal to Cy-oo-
categories. §2.2 is devoted to examples in and structural results pertaining to genuine equivariant
homotopy theory. We survey existing theories of equivariant algebra and homotopy coherent
equivariant algebra in §2.3; this will set the stage for our notion of strictly commutative equivariant
algebras, to be introduced in §5.



2.1 Parametrized co-categories
Let G be a finite group.

Recollection 2.1.1. The orbit category O is the category with objects finite transitive G-sets and
morphisms G-equivariant maps. We let Fing denote the finite coproduct completion of Og, i.e. the
category of finite G-sets and G-equivariant maps. We recall that ch;p is an orbital co-category in the
sense of Definition 1.2 of [Nar17].

Definition 2.1.2 ([Bar+16b, Definition 1.3]). A G-co-category is a cocartesian fibration p: C — ng.
A morphism of G-co-categories is a map F of co-categories over (”)OGP:

op
OG

which takes p-cocartesian arrows in C to g-cocartesian arrows in D. We will write GCats for the
large co-category of small G-co-categories.
Note that for each G/H € OCG)p, the pullback of the cocartesian fibration p along the inclusion

{G/H} — OZ determines an ordinary co-category, which we denote interchangeably by C!!

or Cg/y- When H = {e} is the trivial subgroup, we will denote CH by C® and refer to it as the
underlying oo-category of the G-oo-category C.

Remark 2.1.3 ([Lur09, §3.2.2; Sha23, Example 2.5]). Let Cate denote the large co-category of small
oco-categories. There is a universal cocartesian fibration I/ — Cate such that pullback induces an
equivalence

op ~ cocart
Fun (OG ,(‘fatoo> ~ Gatw/oop.

Informally, a Cp-co-category is the data of

» an co-category C*2,

» an co-category with C-action C¢, and

» a functor C©2 — C° which lifts along the C, homotopy fixed points (C¢)"“2 — C°. In particular,
if C¢ is endowed with the trivial Cp-action, then (C¢)"©2 ~ (C¢)B% ~ Fun(BC,, C®) comprises
objects in C® with (naive) Cy-action.

In particular, we see that a cocartesian section ¢ : (’)gg — C is determined by its value on 0(Cp/Cy).
Informally, we regard the category of cocartesian sections of C as the category of objects in C.

Notation 2.1.4. To lighten notational burden, we write G-co-category instead of OOGp-oo—category,
and similarly for other phrases. If we want to say that a G-oco-category C is such that C; has a certain
property forall t € (’)g , we say that it has that property fiberwise or pointwise. The same applies to
modifiers for functors of G-co-categories.

Recollection 2.1.5 ([Bar+16b, §10; Sha23, Recollection 5.18]). Let C be a G-co-category. Then the
vertical opposite CV°P to C is the G-oo-category characterized by canonical equivalences (CVOP)H o~
CHOP foreach G/H € O¢ so that under these equivalences, the restriction functors in C¥°P classified
by morphisms in O?;p are identified with (the opposite of) the restriction functors in C. In other



words, if C is classified by the functor F: ng — Cate (see Remark 2.1.3), then CVP is classified by
—\op

the composite OZP L Cate L> Cateo.

Remark 2.1.6. Let C, D be Cp-co-categories, suppose F: C — D is a Co-functor and G: C* — D°. If

there is an equivalence F® ~ G, we say that F recovers G on underlying co-categories or that G can

be promoted to a Co-functor. If H: C©2 — D2 and there is an equivalence F©2 ~ H, we say that F

recovers H on Cy-fixed points.

Notation 2.1.7. The oo-category of C;-co-categories has finite limits [Bar+16b, §9]. If C, D are two
Cy-co-categories, we write C x D for the product Cp-co-category, and likewise for fiber products.
We do not use the less ambiguous notation (—) x (—) of loc. cit. in order to streamline notation for
fiber products.

We will use the notion of parametrized functor categories of [Sha23, §3] to define real Hochschild
homology.

Proposition 2.1.8 ([Sha23, Proposition 3.1; Bar+16b, Construction 5.2]). Let C — (’)OGp , D — (’)gp
be cocartesian fibrations. Then there exists a cocartesian fibration Fun(C, D) — ng such that under the
straightening-unstraightening equivalence of Remark 2.1.3, Fun(C, D) represents the presheaf

E— hOmng (5 Xogp C, D) .

Definition 2.1.9 ([Lurl7, Definition 7.3.2.2]). Suppose given a commutative diagram of co-categories

C«—S% D
h A . (2.1.10)
£

We will say that G admits a left adjoint relative to £ if it satisfies one of the following equivalent
conditions:

(1) The functor G admits a left adjoint F. Moreover, for every object C € C, the functor g carries
the unit of the adjunction uc: C — G(F(C)) to an equivalence in £.

(2) There exists a functor F: C — D and a natural transformation u: id¢ — G o F which exhibits
F as a left adjoint to G, with the property that q(u) is the identity transformation from g to
itself.

Definition 2.1.11 ([Sha23, Definition 8.3]). Suppose given a diagram (2.1.10) so that £ = OOGP and
suppose that C, D are G-co-categories. The functors F, G comprise a G-adjunction if they satisfy both

» The functors F and G are both G-functors
» The functors F and G form a relative adjunction relative to (’)OGP.

While the left adjoint in a relative adjunction over OOGP is automatically a G-functor, the right
adjoint does not necessarily preserve cocartesian arrows (contrast the dual to [Lurl?7, Proposition
7.3.2.6] with [Lurl?7, Proposition 7.3.2.11]). The following results provide conditions under which
the existence of a G-adjunction can be checked pointwise.
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Proposition 2.1.12. Let a diagram as in (2.1.10) be given and assume that q and p are coCartesian
categorical fibrations and that G takes p-cocartesian edges to q-cocartesian edges. Assume further that for
every morphism «: E — E' € &:

(1) The functors a*: Cg — Cgr and o : Dp — Dy admit right adjoints a,: Cgr — Cp and a,: Dpr —
Dr.

(2) The canonical natural transformation Gp: o xs — a,Gr is an equivalence for each o € E.

Then if for each object E € £, Gg: Dy — Cg admits a left adjoint Fg, then G admits a left adjoint F relative
to € which agrees with Fg fiberwise. Moreover, F takes g-cocartesian edges to p-cocartesian edges.

Corollary 2.1.13. Suppose G: D — C is a Co-functor so that D, C admit finite Cy-products which are
preserved by G. If G admits left adjoints fiberwise, then it admits a left Cy-adjoint.

Proof. The assumption that D and C admit finite C;-products which are preserved by G is a
restatement of the assumptions of Proposition 2.1.12; the result follows immediately. O

There is a dual statement, proved in a similar way:.

Corollary 2.1.14. Suppose G: D — C is a Cy-functor so that D, C admit finite Co-coproducts which are
preserved by G. If G admits right adjoints fiberwise, then it admits a right Cy-adjoint.

Proof of Proposition 2.1.12. Let C € Cg, and write D = Fg(C) and u for the counit u: C — G(Fg(C)).
By the proof of [Lurl7, Proposition 7.3.2.11], it suffices to show that for all D’ € D, u induces an
equivalence

Homyp (D, D’) ~ Hom¢(C,G(D’)).

By assumption, we know that for all D’ € Dg, we have an equivalence
Homp, (D, D’) ~ Homg, (C,G(D")).
Since p and ¢ are cocartesian fibrations, for any D’ € D, we have maps

Homp (D, D) —— Homg (p(D), p(D'))
| i (2.1.15)

h
Homg (€, G(D')) — Home (q(C), 70 G(D')
To show that the left vertical arrow in (2.1.15) is an equivalence, it suffices to show that for any

a € Homg(p(D), p(D')) = Homg(q(C),q o G(D’)), the fibers of the horizontal maps over « are

. . e L. . .
equivalent. The result follows from the identifications (where :) indicates that an equivalence
follows from assumption (1) in the statement of the proposition)

fiby (hg) ~ Home (a*(C), Gy(py(D")

)
~ Homcp(D)(C,a*Gp(D/)(D’))

(2)
~ Homcp(D) (C, Gp(D)D‘* (D/))

~ Homp, (Fg(C), a+(D"))

1
v Homp , (a"F(C),D') = fibg (). 0

D/
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There are parametrized notions of limits and colimits.

Notation 2.1.16 ([Sha23, Notation 2.29]). Let 13 be a G-co-category and write Ar®°“"(3) for the full
subcategory of Ar(B) on the cocartesian edges of B. Given an object b € B;, write

b p— {b} X Bevy Arcocart(B)
which we think of as a “G-point of B.” Given a morphism 7t: £ — B of G-co-categories, we write

gb =Db Xevy,B,m &

for the parametrized fiber of 7t over b. Note that &, is a (OF )/ ~-co-category.

Definition 2.1.17 ([Sha23, Definition 5.1-2]). LetC — ng be a G-co-category and let 7 : (’)gp —C
be a cocartesian section. We say that o is S-initial if o'(s) is an initial object for all s € (’)gp . Dually,
we say that ¢ is S-final if o'(s) is a final object for all s € OF.

Let K, C be G-co-categories and let p: K PP ng — C be an extension of a G-functor p : K — C.
There is a commutative diagram

s -7, Fung (K *, o oF,c)

H |

s Fun(K,C)

so that ¢ defines a cocartesian section o5 of C (PO~ We say that p is a G-colimit diagram if o5 is
a G-final object.
If p is a G-colimit diagram, we say that p|s, is a G-colimit of p.

Dually, substituting (’)G oo K for K x o (’) leads to the definition of a G-limit diagram.

Relative adjunctions and parametrized colimits interact in the expected way:

Proposition 2.1.18 ([Sha23, Corollary 8.9]). Let C, D be T-oo-categories, and let F: C 7= D: G bea
T-adjunction F 4 G. Then F preserves T -colimits and G preserves T -limits.

The following is a consequence of [Sha23, Proposition 5.11]. Note that our notation differs
somewhat from that of Shah’s-what we think of as pullback/restriction a*: CK — CH along a
morphism a: G/H — G/K is denoted by a; in their work.

Proposition 2.1.19 ([Sha23, Proposition 5.11]). Let C be a G-co-category and let a: G/H — G/K be a
morphism in Og. Let 7t: M — Al be the cartesian morphism classified by a* : CK — CH. Let

G/H

pi (0F)" 5 Cxom (OgP)G/K

G/K G/K
bea ((’)gp) ~functor and let x = p(idg, ) € CH. Then the data of a (OOGP ) -colimit diagram
extending p yields a rt-cocartesian edge e in M with dy(e) = x and lifting 0 — 1.

12



Cy/
Example 2.1.20 ([Sha23, Proposition 5.11]). Let G = C; and C = Spcc2. Let X: ((’)8};) e - C

classify a Cy-space. Then the Cy-colimit of the diagram X exists and is given by the C;-space
@ — X U X where C; acts by swapping the factors of X in the disjoint union.

The notion of a parametrized colimit diagram not only generalizes Definition 2.1.17 but also
allows us to show that G-colimits have suitable functoriality.

Definition 2.1.21 ([Sha23, Definition 9.13]). Let ¢: C — D be a G-cocartesian fibration. A G-functor
F: Cxp D — & is a D-parametrized G-colimit diagram if for every object x € D, the x-functor
Flegayxt Cx *x x — & is a s-colimit diagram.

The existence of parametrized G-colimits can be checked ‘fiberwise.’

Theorem 2.1.22 ([Sha23, Theorem 9.15]). Let ¢: C — D be a G-cocartesian fibration and let F: C — £
be a G-functor. Suppose that for every object x € D, F: Cx — & admits a s-colimit. Then there exists a
D-parametrized G-colimit diagram F: C xp D — & extending F.

2.2 G-spaces and G-spectra.

In this section, we consider two examples of G-co-categories: G-spaces and G-spectra. In particular,
we introduce several objects in these categories which we will see later on, and discuss structural
properties of these categories which we will need.

Recollection 2.2.1. A G-space is a functor OOGP — Spc, or equivalently, a functor Fin(ép — Spc
which take coproducts in O to products in Spc. We will denote the category of G-spaces by Spc®.
By [Bar+16b, Theorem 7.8], there is a G-co-category %G so that the fiber over G/ H is the ordinary

co-category Spc'’.

Givena G-space X : OF — Spcand a G-equivariant map S N T,wewillrefer to f* = X(f): X(T) — X(S)
as the restriction map associated to f.
The G-co-category of G-spectra SipG is [Nar16, Definition 7.3 & Corollary 7.4.1] applied to

D:%G.

Example 2.2.2 (Sign representation sphere). Let G = C; = {1,0}. There is a C,-space, denoted by
S?, whose underlying space with C;-action is given by (S7)¢ = S! = {z € C | |z| = 1}, with the
C; action via complex conjugation. Its Cy-fixed points are given by (57)© = {1} = S, and the
restriction map (S7)©2 — (S7)¢ is given by the inclusion. This Cp-space is denoted S because it is
the one-point compactification of the sign representation of C; on R.

Because complex conjugation respects multiplication of complex numbers, the group structure
on S lifts to a C;-monoid structure on S in the category of C,-spaces.

Example 2.2.3 (Regular representation sphere). Consider the regular representation R[C,| of Cy, and
write S for its one-point compactification. Then (SP)¢ ~ S? with Cp-action given by reflection about
a plane P, and the C; fixed points (S°)2 is given by S', and the restriction map (S°)<2 — (SP)¢ is
given by the natural identification S> N P ~ S!.

The category of G-spectra is obtained from the category of G-spaces by asking for the existence
of transfers indexed by finite G-sets. We begin by recalling that such an indexing category is
well-defined as an co-category.
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Proposition 2.2.4. Let G be a finite group. Then there exists an co-category Span(Fing ) having

» the same objects as Fing

» homotopy classes of morphisms from V to U in Span(Fing ) are in bijection with diagrams V <— T — U
up to isomorphism of diagrams fixing V and U.

» The composite of V <— T — U and U < S — W is equivalent to the diagram V <~ T xy § — W.

Moreover, Span(Fing) is semiadditive, i.e. finite coproducts and products are isomorphic, and are given on
underlying G-sets by the disjoint union.

Proof. The construction of Span(Fing) is [Bar17, Proposition 5.6] applied to [Bar17, Example 5.4].
The (0-)semiadditivity of Span(Fing) follows from noticing that Span(Fing) is a module over
Span(Fin) and [Har20, Corollary 3.19]. O

Definition 2.2.5. Let G be a finite group and let Span(Fing) be the span category of Proposition
2.2.4. Let C be an additive co-category. Then the category of C-valued G-Mackey functors is given by

Mackg (C) := Fun* (Span(Fing),C)

where the right-hand side denotes the full subcategory on functors which take direct sums in
Span(Fing) to products in C. We will denote the category of genuine equivariant G-spectra by
Sp® = Mackg(Sp).

Let G/H be a transitive G-set. Note there is a map Span(Fin) — Span(Fing) given by
S — UsG/H. Since this map preserves coproducts, restriction along this map induces a func-
tor (—)H: Mackg(C) — Sp(C) which lands in spectrum objects in C. This is the H-categorical fixed
points. When H = {e} will sometimes call this the underlying object.

Since our primary group of interest is G = C;, hereafter we will understand ‘Mackey functor’
(without a specified G) as referring to a Co-Mackey functor. Note that given a G-Mackey functor
X : Span (Fing) — Spc, restriction along the inclusion Fingp = Span (Fing, all, =) — Span (Fing)
gives a G-space. However, a G-Mackey functor comprises more data: given any map of finite G-sets
f S — T, we will refer to its covariant image X (f) : X(S) — X(T) as the transfer map associated to

f.
Example 2.2.6 (Constant Mackey functors). Given a discrete abelian group k, we consider it
equipped with the trivial involution and associate to it the constant Mackey functor k with k2 =

k® = k. Since the inclusion Modl? — Mody preserves direct sums, taking Eilenberg-Mac Lane
spectra gives us a Mackey functor k € Mackc, (Sp).

Warning 2.2.7. There are several competing notions of ‘linearization’ in the genuine equivariant
setting. The C,-Mackey functor Z should not be confused with Z @ S° (or trivc, (Z) in the notation
of [PSW22]; also see [Kall1]) or the C,-Burnside Mackey functor Ac, with Z-coefficients [GS14];
the former is cohomological in the sense of [Web00, §7].

On module categories, we see the forgetful functor Mod; — Mackc, (Mody) ~ Mod, yqo is far
from being an equivalence. In particular, the (k-linearized) Burnside functor is not in the image
of the forgetful functor. See [TW95, Proposition 16.3] for a 1-categorical version of this statement.
Explicitly, the C;-Mackey functors Z and Ac, satisfy

Z2=7  AZ =2Z{Cy,C/Cy}
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while the C,-fixed points of trivc, (Z) lives in a pullback diagram (2.2.14)

trive, ()2 —— Z

ZhCz ZtCZ

in particular, it is not discrete.

Notation 2.2.8 ([Lew88, p.57]). The data of a C,-Mackey functor M can be summarized in a diagram
of the form

M©
Res (/ /jTr
ME¢

)

m—o(m)

where we write ¢ for the nontrivial element of C, and the lower loop expresses the Cy-action on the
underlying object of M. Such a diagram is referred to as a Lewis diagram.

Remark 2.2.9. Though our description of G-spectra is quite algebraic, the Guillou-May theorem
[GM17, Theorem 0.1] implies that the category of G-spectra may alternatively be regarded as a
stabilization of the category of G-spaces with respect to smashing by representation spheres. In par-
ticular, the classical adjunction between G-suspension spectra lifts to a G-adjunction X% : %f ==
Sp©: QF whose value on each orbit G/H is the (X, Qf) adjunction between H-spaces and
H-spectra.

Recollection 2.2.10. If C is a presentable symmetric monoidal co-category, then Mackg (C) inherits
a symmetric monoidal structure via Day convolution so that [BGS20]. We defer more detailed
discussion of algebraic structures (and their parametrized enhancements) to §2.3.

Notation 2.2.11. If V is a G-representation on a finite-dimensional real vector space, we write
V() = 228V ® —: Sp® — Sp® and refer to it as suspension by the representation V. In
particular, we have X°(—) and X7 (—) of Examples 2.2.3 and 2.2.2, resp. We will use the notations
YP(—) and (—)[p] interchangeably, and likewise for arbitrary representation spheres.

There is an alternative way of understanding Mackg (C) as a recollement when C is stable and
cocomplete. Since the complexity of this formula grows with the complexity of the lattice of
subgroups of G, we recall the result for G = C, cyclic of prime order.

Proposition 2.2.12. There is an equivalence of stable co-categories
SpSr = Mackc, (Sp) — SpBcr xsp Ar(Sp)

(2.2.13)
X = (XE,CDC”X := cofib ((Xe)hcp LN ch) - (XE)th)

where the map Ar(Sp) — Sp is evaluation at the target. We call ®r X the [Cp]-geometric fixed points of
X.
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Given a triple (Xe, X — (Xe)tcl’) on the right hand side of (2.2.13), we can reconstruct the

Cp-categorical fixed points of the image of the triple under the inverse equivalence of Proposition
2.2.12 from the following pullback square

X2 — oC0X

i l . (2.2.14)

(Xe ) hCy XtCZ

We will refer to the pullback square (2.2.14) as the recollement square for X. We will refer to the exact
sequence of spectra

Xpc, — X© — 992X (2.2.15)

as the isotropy separation sequence for X. There is also a relative version of Proposition 2.2.12:

Proposition 2.2.16. Let A be an Eeo-ring in SpCV. Then there is a stable recollement

(-
Mod5$? £— Mod 4 (Sp®) % Mod ¢, 4 (Sp) -

Proof. The result follows from [Sha21b, Theorem 1.2], which implies that the recollement of Propo-
sition 2.2.12 is symmetric monoidal in the sense of [Sha21b, Definition 2.20]. O

Recollection 2.2.17. (Postnikov t-structure on genuine Cp-spectra) [Deg+19, Corollary 1.3.16; BGS20,
Example 6.3] There is a t-structure on Sp“? where

» An object X is connective if X¢ and X2 are both connective.
» An object X is coconnective iff X° and X©2 are both coconnective.

The heart of this t-structure is equivalent to C,-Mackey functors valued in abelian groups.

Suppose X € Sp“2 such that X° is n-connective. By the isotropy separation sequence (2.2.15),
X© is n-connective if and only if 2 X is n-connective. It follows that the Postnikov filtration is

symmetric monoidal, i.e. if X,Y € SpC2 are n, m-connective respectively, then X ® Y is (n + m)-
connective.

Lemma 2.2.18. Let A be a connective Eoo-ring in Sp*2. Then the t-structure on Mod 4 = Mod 4 (Spc2>
is right-complete.

Proof. Because (—)¢ and (—)2 are jointly conservative, the Postnikov t-structure on Mod, is
right-separated. Now notice that Mod 4 admits countable coproducts, and moreover countable

coproducts of coconnective objects remain coconnective. Then by [AN21, Lemma A.6], the t-
structure on Mod 4 is right-complete. O

We recall the regular slice filtration on Spc2 of [Ull13].

Definition 2.2.19 ([Ull13, §3]). Let H C C; be a subgroup. We will refer to a Cp-genuine equivariant
spectrum of the form C, ®y S"PH as a regular slice cell, and say that the regular slice cell has dimension
n-|H.
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We write Tﬁs}jceSpCz for the localizing subcategory of Sp*? generated by regular slice cells of
dimension > 7, and describe the objects therein as regular slice n-connective.

We say that a Cp-spectrum X is regqular slice n-coconnective (cf. [HHR21, Definition 11.1.1; HHR21,
Definition 4.8]) if, for all regular slice cells S of dimension > 7, the mapping space homspc2 (S, X)

is contractible.
Example 2.2.20. Let n < 0. Then 5" is a regular n-slice, i.e. it is regular slice n-connective but not
regular slice (n 4 1)-connective.

To show that 5 is not regular slice (n 4 1)-connective, it suffices to observe that if M € Sp(;zn ey

then M° must be (non-equivariantly) (n + 1)-connective. To show that $"7 is regular slice n-
connective, we induct on |n| and use the exact sequence

g0y g=(n-1o _y y-(n-1oc, ~ x--1)c, .

For future reference, we note that for any m, S"° is a regular (2m)-slice.

Observation 2.2.21. The equivalence — ® S°: Sp©2 =5 Sp? restricts to an equivalence of full
subcategories 'cg}lic'espc2 = rg,ljfzspCZ.

Remark 2.2.22. The inclusion of regular slice n-connective Cp-spectra into all C;-spectra admits
a right adjoint t%lie., Tt follows immediately from the definitions that a Cy-spectrum X is regular

slice n-coconnected if and only if T&lic¢ X ~ 0.

Observation 2.2.23. There are inclusions of regular slice-connective localizing subcategories as
follows: T5i°eSp® C 7i5lieeSpC (islice Mod 4 C 7255 Mod ) for all k > n.

The following result allows us to check regular slice connectivity of a Cp-spectrum one orbit at a
time; it should be compared to [HHR16, §4.4.1; Hil12, Theorem 6.14 & Remark 6.15].

Lemma 2.2.24. Let X € Sp®2 (resp. Mod 4 (Sp“?) where A is an Eo-algebra in Sp so that A° and
®©2 A are both connective). Then the following are equivalent:

(1) The object X is regular slice n-connective.
(2) X¢is n-connective and ®“2X is [ 4]-connective.

Proof of Lemma 2.2.24. We discuss the proof in the case A = S'; the general case follows from the
same argument in view of [Lurl?7, Proposition 7.1.1.13]. That (1) implies (2) follows readily from
Definition 2.2.19 and the fact that @2 (Z®5™) = £ ((§"F)C2) = G,

To show the converse statement, we introduce some notation which will be used in the proof.
Write EPCZ, EPc, for the Cy-spaces

(EPCZ)CZ = (EPCZ)E — S0
(EPc,)™ = * (EPg,) =92

of [May96, §V.4] (compare [MNN17, §6]). We first show that the geometric spectrum EPQ ® 85" is
regular slice > n if m > [5]. The inequality implies that 2m > n, hence in the exact sequence

EPc, ® 8" — S"™ — EPc, @ S™ ~ EPc, @ S™

17



the left and middle terms are both regular slice > n. By definition of a localizing subcategory, it
follows that the right-hand term is also regular slice > n. Now for an arbitrary C;-spectrum X,
consider the exact sequence

EPc,® X — X — EPc, ® X.

By our assumption that X° is n-connective, the left-hand term is regular slice > n. Now by the
previous argument and our assumption that ®“2 X is [ 5 ]-connective, the right hand term is regular
slice > n. Again by definition of a localizing subcategory, it follows that X is also regular slice
> n. O

Lemma 2.2.25. Let X € Sp“2 (resp. Mod 4 (Sp©2) where A is an Eco-algebra in Sp©2 so that A® and &2 A
are both connective). Suppose that X is reqular slice n-coconnective for n < 0. Then X° is n-coconnective
and X2 is | 4 |-coconnective.

Remark 2.2.26. In view of Lemma 2.2.24, the usage of categorical fixed points in Lemma 2.2.25
(instead of geometric fixed points) may be surprising. An illustrative example is Z: Despite ®©Z
not being n-coconnective for any n > 0, Z is regular slice O-coconnective. In particular, even
though there exists a nontrivial map < (£2Z) — &2 (Z), it does not arise as ®“2 of any map of
Z-modules. To see this, note that any map f: ¥27Z — Z determines a diagram

CDC
1070 =~ 0% (22) 2, 00 (2) = 10 ZiC

| |

e\tCy
2
(ZZZ)tC () ZtCQ.

Since Z is coconnective, f° is trivial, hence so is (f¢)f“2. Since the vertical maps are injective on 7.,
@2 f must be the zero map.

Proof of Lemma 2.2.25. We discuss the proof in the case A = S'; the general case follows from the
same argument in view of [Lurl7, Proposition 7.1.1.13]. Recall that C; ® S™ is a regular slice m-cell.
If X is regular slice n-coconnective, then the mapping space homspc2 (C,®9M, X) ~ Q®X™X"is
contractible for all m > n. In particular, it follows immediately that X° is n-coconnective.

To prove the statement about X2, let us replace 1 by 21 + 1 and induct on |n|. Suppose X is
regular slice (—1)-coconnective. Then S% = S is a regular slice 0-cell and the mapping space
homspc2 (8%, X) =~ O®X% is contractible, so X2 is (—1)-connective.

Now suppose X is regular slice (2n — 1)-coconnective. By the inductive hypothesis, XX is
regular slice (21 + 1)-coconnective, so (£°X)© is | 25 | = n-coconnective. Writing S ~ %87 ~
cofib(2C; — £Cp/C,), we have an exact sequence of spectra £X¢ — %(X%) — (Z¢X)%. In
particular, in the long exact sequence --- — 7, X° — X2 — g (ZPX)C2 — .-+, the left

and right terms are both zero forall £ +1 > n+ 1, hence X2 isn —1 = Lz’lz—*lj—coconnective as
desired. O

2.3 Genuine equivariant algebra

In this section, we introduce G-E-algebras and show that the Eilenberg-Mac Lane spectra associ-
ated to certain discrete Mackey functors (Notation 2.3.5) inherit a G-E-algebra structure. Just as
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G-Mackey functors are (roughly) obtained from abelian groups by allowing addition indexed by
finite sets with G-action (in addition to the existing addition indexed by finite sets), G-E-rings are
(roughly) obtained from [E-rings by allowing multiplication indexed by finite G-sets. In particular,
the Hill-Hopkins-Ravenel norms N§ play the role of a smash product indexed by the G-set G/ H.
We will use the notion of Cy-E« rings introduced in [NS22], which are expected to agree with
Neo-algebras of [BH15].

Since we do not need the full strength of parametrized co-operads in this work, we sketch the
definitions and constructions we will need for this paper; the interested reader is invited to peruse
[NS22] for more detail.

Recollection 2.3.1 ([NS22, §2]). Write Finc, for the category of finite sets with Cy-action, i.e. the
finite coproduct completion of Oc,. There is a parametrized co-category Finc, ., whose fiber over
Cy/eis (Fing,) ¢,/ /¢, and whose fiber over C,/C; is (Fing,), /_ .- The restriction map is given
by pullback. Now, given an object U € (Fing,) ,_,rand anorbit W C U, write iyy: U — W for
the map which collapses U \ W to the basepoint T. A Cy-symmetric monoidal Cp-co-category is a
cocartesian fibration p: C¥ — Fing, , so that forall T € Oc, and for all U € (FinCZ)T /T the
p-cocartesian maps over iy induce equivalences

ci= 11 ¢w:
WeOrbit(U)

Given a C;-symmetric monoidal Cp-co-category p: C¥ — Finc, ,, the C-co-category CExAlg(C)
of Cp-Ecs-algebras in C is the Cy-co-category of sections of p which carry inert morphisms in Finc, ,
to p-cocartesian morphisms. If p: C¥ — Fing, ,, 9: D¥ — Finc, , are Cy-symmetric monoidal C,-
oo-categories, a Cp-symmetric monoidal functor from C to D is a morphism of cocartesian fibrations
from p to g.

®
Example 2.3.2 ([INS22, Example 2.4.2]). There is a Cp-symmetric monoidal Cp-co-category (S£C2> —
Finc, , whose underlying C,-co-category is S£C2. In particular, the p-cocartesian morphism asso-

ciated to the map Cy/e — C,/C; classifies the Hill-Hopkins—Ravenel norm N Sp — Sp©
[HHR16, Definition A.52].

The (large) oo-category of presentable co-categories with left adjoint functors, equipped with the
symmetric monoidal Lurie tensor product, is an indispensable tool to higher category theory. Next,
we recall the Cy-parametrized analogue of these ideas. We begin with the parametrized analogue of
the condition that a functor F: C x D — & of ordinary co-categories preserves colimits separately
in each variable.

Recollection 2.3.3 ([NS22, Definition 3.2.4; Nar17, §3.3; QS22, Definition 5.16]). Let C® be a C,-
symmetric monoidal C,-co-category. The Cp-symmetric monoidal structure on C is said to be
Cy-distributive if, roughly, it preserves Cy-colimits separately in each variable. Let us note that %SZ

with the smash product C,-symmetric monoidal structure and Sp®? with the smash product and

Hill-Hopkins—-Ravenel norm C;-symmetric monoidal structure are distributive ([NS22, p-34] and
[Nar17, Corollary 3.28], resp.).

Recollection 2.3.4. There is a Co-symmetric monoidal Cp-co-category CoPr! of presentable C,-
oo-categories with morphisms given by distributive functors [Narl7, Definition 3.24]. By [NS22,
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Theorem 5.1.4(3)], C2EAlg (CzPrL) has coproducts. Given presentable Cp-co-categoriesC and D,
regard them as objects of CzlEmAilg (CzPrL) via Cp-cocartesian Cp-symmetric monoidal structure
[NS22, Example 2.4.1]. Denote their coproduct in C;EAlg (CzPrL> by C ®c, D.

Next, we show that C;-Green functors which arise as the fixed point functors associated to
discrete rings with involution may be regarded as C>-Ew-ring spectra in a canonical way.

Notation 2.3.5. Let k be a commutative ring with involution endowed with an involution. Write k
for the C>-Green functor with kcz = k<2, where k<2 denotes the strict fixed points of the Cy-action
on k, and k° = k. When k is given the trivial involution, this agrees with Example 2.2.6.

Proposition 2.3.6. Let k be a discrete commutative ring with a given involution. Then the fixed point Cy-
Green functor k (Notation 2.3.5) canonically acquires the structure of a Co-EEo-algebra. Moreover, suppose
that k" is another discrete commutative ring with an involution and f: k — k' is a map of commutative
rings respecting the involution. Then f canonically induces a map k — k' of Co-Eco-rings.

Proof. The result follows from a nearly identical argument to that of [Yan25, Theorem 5.1]; one only
needs to observe that the strict fixed points k2 of the involution on k satisfies k2 ~ (thZ) ~

Tzokhcz. O
The Cy-E-structure on k allows us to define a relative norm.

Definition 2.3.7. Let A be a C;-E-ring. We define the relative norm to be

N©: Mod e (Sp) — Mod 4 (Spcz)
M — A ®pc, e N2M.
Proposition 2.3.8. Let C be a distributive Co-symmetric monoidal Cy-co-category and let A be a Co-Eeo-

algebra in C. Then the Cy-oo-category Mod 4 (C) admits a Co-symmetric monoidal refinement. Moreover,
the Cy-symmetric monoidal structure on Mod 4 is distributive in the sense of Recollection 2.3.3.

Notation 2.3.9. In the setting of Proposition 2.3.8, we will write Mod 4 for the C;-co-category

Mod 4 (C), we will write Mod 4 for the co-category Mod$2, and we will write Mod¢, for the under-
lying oo-category Mod 4e.

Proof of Proposition 2.3.8. The first statement can be proved using the same strategy as [Yan25,
Proposition A.8]. The latter statement follows from the fact that C was assumed to be distributive
and Cp-colimits in Mod 4 are computed in C Proposition A.0.21. O

Remark 2.3.10. For the purposes of this paper, a ‘C,-Tambara functor’ is a Cp-[Ec-algebra object
in Mod,? (see Variant 2.3.12) with respect to the box product and the norm on discrete Mackey
functors [Maz13]. This agrees with the definition in terms of polynomial functors; see [Cno+24].

Definition 2.3.11 ([DP]22, Appendix A; Sul23, Definition 3.13]). A G-Tambara functor B is said to
be cohomological if for all subgroups K < H < G and x € BH, NJRes¥ (x) = x[HK],
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The condition appearing in Definition 2.3.11 can be regarded as the multiplicative analogue of
asking for Mackey functors to be cohomological. If M is a cohomological G-Mackey functor, the
free G-Tambara functor on M is not necessarily cohomological as a Tambara functor.

Variant 2.3.12. By [Lurl?7, Proposition 1.4.4.11; AN21, Proposition A.15], there is a t-structure
on Mody (Sp©?) where an object X is connective if X¢ and X2 are both connective in Sp®, that

is Mody (Sp©)>0 = Mod,(Sp%,). The heart of this t-structure is equivalent to modules over k in
Cp-Mackey functors. -

The following is a special case of [LM06, Theorem 1.3].

Proposition 2.3.13. The Mod?—tensor product given on Mackey functors M, N by 7to(M ® N) can be
identified with the box product on Co-Mackey functors of Lewis [Lew81, p. 5; Lew88, p. 61; Shu10, p. 9].

Remark 2.3.14. Commutative algebras with respect to the symmetric monoidal structure on Mod,?
are often referred to as Green functors [Dre73, p. 19]. N

Notation 2.3.15. Let k be the constant C,-Mackey functor associated to a commutative ring k.
Suppose S is a finite Co-set. We will write k[S] := k ®g X .S € Mody(Sp©?) and abbreviate
k=k[Cy/Cy).

Warning 2.3.16. Let M € Mod,. We write MY = homy (M, k) for the dual in Mackey functors,
which is not to be confused with a different type of duality which utilizes precomposing with the
anti-autoequivalence Span(Fing) ~ Span(Fing)°P [TW95, §4].

3 Filtered and graded objects

Just as filtered and graded objects are indispensable to the ordinary Hochschild-Kostant-Rosenberg
theorem, filtered and graded objects in parametrized co-categories will play a key role in our main
theorem. In §3.1, we introduce filtered and graded objects in a Cy-co-category and show that they
inherit parametrized enhancements of structural properties possessed by ordinary co-categories
of filtered and graded objects. In §3.2, we introduce a parametrized version of the filtrations
considered in [Will7] and discuss various filtrations on Cy-co-categories of filtered and graded
objects which will be useful to us later.

While writing this section, this author wanted to prove a C;-symmetric monoidal enhancement
of the equivalence of [Rak20, Theorem 3.2.14], but was stymied by the absence of a parametrized
Tannakian reconstruction result. We content ourselves with Proposition 3.1.24 for now. While we
expect similar statements to hold for filtered and graded objects in suitable G-co-categories for other
finite groups G, we do not pursue this matter here.

3.1 Definitions

In this section, we introduce filtered and graded objects in Cp-co-categories and prove C,-parametrized
enhancements of many of the results contained in [Lurl4, §3.1-2]. In particular, we show that if C
is a distributive C;-symmetric monoidal C,-co-category, then the Cp-co-categories of graded and
filtered objects in C themselves admit Cp-symmetric monoidal structures given by parametrized
Day convolution (Corollary 3.1.13). Moreover, the associated graded Cy-functor is Co-symmetric
monoidal (Proposition 3.1.20).
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Recollection 3.1.1. Consider Z as a (1-)category with objects the integers and a unique morphism
n — mif n > m. We will abuse notation and denote the co-categorical nerve of Z similarly. Let Z°
be the category with the same objects but no nontrivial morphisms, i.e. a discrete category. There is
evidently an inclusion ¢ : Z° — Z. The operation of addition on the integers endows both Z and
Z with symmetric monoidal structures.

Definition 3.1.2. Let C be a C;-c0-category, and write Z¢,, Z‘éz for the constant C,-co-categories at

Z and Z?, respectively [Bar+16b, Example 2.2]. The C,-co-category of filtered objects in C is given by
Fil(C) := Fun(Zc,,C) and the C;-co-category of graded objects in C is Gr(C) = Fuin(Z‘():z,C), where
Fun(—, —) denotes the parametrized functor categories of Proposition 2.1.8.

Remark 3.1.3. Let C be a Cy-oo-category. A Cp-object in Fil(C) is a morphism X: Z x (’)812) —C
of cocartesian fibrations over O(C’};, or equivalently, an ordinary functor Z — C®2. Thus we see

that under the equivalence of Remark 2.1.3, the Cy-co-category Fil(C) is given by the diagram
Fil (C%) — Fil(C?) ~ Cy, where the Cp-action on Fil (C°) is inherited from C¢. We may abuse
notation and denote a filtered or graded object by X, where * € Z.

Recollection 3.1.4. Suppose that C is a C;-co-category which admits sequential colimits pointwise,
which are preserved by the restriction functor C©2 — C°.

(a) Given a filtered object X: (’)8}; — Fil(C), we can associate to it its parametrized colimit

|X| = colim,cz X, (compare [Sha23, Corollary 5.9]). Since the underlying C,-co-category of
Z(J{Z is constant, by [Sha23, Proposition 5.8] the parametrized colimit is computed pointwise
by the usual colimit of filtered objects.

(b) Restriction along the constant map c: Z¢, — {*} defines a Co-functor c: C — Fil(C) sending
every object Y: OES — C to the constant filtered object c(Y). A filtration on Y is a morphism of

filtered objects a: X, — ¢(Y). A filtration on Y is exhaustive if « induces an equivalence on
colimits |X| ~ |c(Y)| =~ Y.

By [Sha23, Theorem 10.5], there is a Cy-adjunction colim i c.

Notation 3.1.5. Given n € Z, we can restrict along the inclusion ev,, : Gr(C) — C, ev,, : Fil(C) — C.
These functors admit fully faithful left C;-adjoints ins, : C — Fil(C), Gr(C).

Remark 3.1.6. Let C be a Cy-presentable C;-co-category. We can form the associated graded of a
filtered object, which participates in a Cp-adjunction:

Xy = gr(X), := cofib(X,+1 — Xu)
gr: Fil(C) &= Gr(C): ¢ (3.1.7)

(9% Yx0% 1 ax..

Definition 3.1.8. Let C be a C,-stable Cp-co-category which admits sequential limits, which are
preserved by the restriction functor C©2 — C°. A filtered object X, is said to be complete if
limy, 00 X;; = 0. We denote the full Cy-subcategory on complete filtered objects by Fil” (C).

The next observation is an immediate consequence of its non-parametrized counterpart [GP18,
Lemma 2.15] and Corollary 2.1.13.
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Observation 3.1.9. Let C be a Cy-presentable Cy-stable C;-co-category which admits sequential
limits, which are preserved by the restriction functor C*2 — C¢. The inclusion Fil"(C) < Fil(C)
admits a left Co-adjoint, which we call completion and denote by (—)".

Remark 3.1.10. Restriction along the canonical fiberwise inclusion Zf:z — Z, induces a C>-functor
und: Fil(C) — Gr(C) which associates to a filtered object its underlying graded object. The functor
und admits a left C;-adjoint spl : Gr(C) — Fil(C) given on objects by spl(X.); > | |;>; X;. We will
say that a filtered object X is split if there is an equivalence spl(gr(X)) ~ X in Fil(C).

We need a bit more preparation in order to be able to make sense of filtered and graded
equivariant algebras.

Construction 3.1.11. Let Z%, Z denote the monoidal categories used to define filtered and graded
objects in Definition 3.1.2. Consider the functors

g: Span (Fing,) — Cate f: Span (Finc,) — Cate
u= || we I (2) u~ || we J] 2z
WEOrbit(U) WeOrbit(U) WeOrbit(U) WeOrbit(Ul)
(wor Bow) ((25)” 5 70) (W Bw) = (20 5 z)
e wi o () 2 2) W W) o (20 2 2)
(Cr = Cr/Co) (2‘5 2 Z‘5> (Cr = C2/Cy) (Z 27
(C2/Cp  Cp) — (25 = Z‘S) (C2/Ca 4 Cp) 3 (Z = 2Z)

where 1; denotes inclusion of the ith component, p; is projection onto the ith component, and W
denotes some object in the orbit category (’)EE Notice that g and f are determined by their values
on the aforementioned objects and morphisms.

Consider the composites Finc, , = Span (Finc, ) 3, Cateo and Finc, , < Span (Finc, ) EN Cateo.
Denote the corresponding Grothendieck constructions by Z‘éj — Finc, , and Za — Finc, .,
respectively. Notice that the inclusion Z? — Z induces a natural transformation § = f, which
in turn induces a morphism Z‘é’j — Zérz of cocartesian fibrations.

Lemma 3.1.12. The C,-oco-categories Z‘éﬁ — Fine, , and Z — Finc, , of Construction 3.1.11 are
2 2/ 2 2/
Finc, ,-promonoidal in the sense of Definition 3.1.1 of [NS22].

Proof. Since Z‘é’j — Fing, , and Zéz — Fin, , were defined as cocartesian fibrations over Finc .,

it suffices to show that the structure morphisms exhibit Z‘é’j and Za as Cp-oo-operads. This follows

from unravelling the definitions of f and g, as the morphism spaces in Z° and Z are either empty
or contractible. O

Corollary 3.1.13. For any distributive Co-symmetric monoidal co-category C* (Recollection 2.3.3), there
are Cy-symmetric monoidal co-categories Gr(C)® := Fun (Zécz,c ) and Fil(C)® := Fun (Zc,,C). Their

underlying Cy-co-categories are given by Gr(C) = RAJ(Z%Z, C) and Fil(C) = Fun(Zc,, C), respectively.
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Moreover, the symmetric monoidal structures on Gr(C) and Fil(C); for any t € (98123 agree with the usual
Day convolution symmetric monoidal structure.

Proof. The first statement follows from Theorem 3.2.6 of [NS22] and Lemma 3.1.12. The descriptions
of the underlying C,-co-categories follows from Proposition 3.1.9 of loc. cit. The last statement
follows by definition of a C-colimit diagram (compare the proof of [Sha23, Corollary 5.9]). O

Corollary 3.1.14. Let A be a Cy-Eco-algebra in Sp®2. Then parametrized Day convolution induces a Cy-
symmetric monoidal structure on Gr (Mod 4 ) and Fil (Mod 4 ). On underlying oo-categories, this recovers
the Day convolution symmetric monoidal structure on Gr (Mod 4 (Sp)) and Fil (Mod 4 (Sp)), resp.

Proof. Follows from Proposition 2.3.8 and Corollary 3.1.13. O

Remark 3.1.15. In the situation of Notation 3.1.5, if C is in addition endowed with a C;-symmetric
monoidal structure, then insg is a C-symmetric monoidal functor, so evy is lax Cy-symmetric
monoidal.

Variant 3.1.16. Suppose C is pointed. We denote Fil=*(C) = Fun (Z>,,C), equivalently given
by the full Cy-subcategory of Fil(C) on filtered objects X, such that the map X, ~ X,,_1 for n < 0.
Similarly, we have a C,-co-category Gr="(C) = Fun (Zio,cy C ), equivalently given by the full
Cy-subcategory of Gr(C) on filtered objects X, such that X,, ~ « for n < 0. Restriction along
the inclusions Z>oc, — Zc, and Z‘SZO,CZ s Z?:Z induce Cp-adjunctions ins=%: Fil=%(C) =
Fil(C): evZ? and ins=?: Gr=°(C) == Gr(C): ev>".

When C is Cy-symmetric monoidal, the functors ins=’ are C,-symmetric monoidal, so ev=? are
lax Cy-symmetric monoidal.

As with ordinary Day convolution, the norm on graded and filtered objects (i.e., Day convolution
indexed by the Cy-set Cy) admits an explicit description.

®
Lemma 3.1.17. Let (Spcz) be the Cy-co-category of Cy-spectra, endowed with the distributive C,-
symmetric monoidal structure of [NS22, Example 2.4.2].
» Let A € Sp and write A({) € Gr(Sp) for the graded object which is concentrated in degree £. Under
the Cy-symmetric monoidal structure of Corollary 3.1.13 and (2.2.14), we have
(& (A(E)))e ~ (AP = (A0 A) 20 % (NG (A(0)) = A20).

In particular, if B is any graded object, then (N2(B))’ ~ Dy j=m Bf ® Bf and o2 (N©2B), ~
By,.
» Let A be a filtered object in Sp. Then the norm of A as a filtered object in Sp* satisfies

(o) —ear, s
m

C2 G ~ HC2 G ~ A€ ;
@ (N (A)>2m =@ (N (A)>2m+1 o Am " Sp’

where Cy acts on A° ®T A° by both permuting the factors of A° and acting on both components with
the given action on A°.
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Proof. We prove the case of filtered objects; the case for graded objects is similar.
Taking Finc, , = 0%, C® = Za, and x = Cp, y = C,/C; in Proposition 3.2.2 of [NS22] gives a
formula for the norm of a filtered object in terms of a parametrized left Kan extension. Unraveling

definitions, we see that Cy’ has non parametrized fibers (Cy) /e ™ Z, (CY) o = Z x Z while on

the other hand, (Cy®> o (Cﬁg) o = Z. By a similar argument to that of the proof of [Yan25,
2/ %2 = 2

Theorem 4.15], a Cy-colimit of an S£C2 -valued diagram may be computed, under the recollement of
Proposition 2.2.12, as two ordinary colimit diagrams satisfying compatiilities. The result follows
immediately from these considerations. O

Observation 3.1.18. Consider the adjunction (spl, und) of Remark 3.1.10 and assume that C is a
distributive Cy-symmetric monoidal Cy-co-category [NS22, Definition 3.2.4]. By [Lur09, Proposition

1.1.2.2 & Corollary 2.4.6.5], Z‘éj — Zé’z is a fibration of Cy-0c0-operads ([NS22, Definition 2.2.1]).
Taking C® = Zé’j, 0% = Za, and P® = Finc, , in [NS22, Remark 4.3.6], it follows that spl is
Co-symmetric monoidal and und is lax Cp-symmetric monoidal.

Lemma 3.1.19. Write S[t] = und(S!) where Sfil is the unit object in filtered Cy-spectra. Since und is lax
symmetric monoidal (Observation 3.1.18), S[t] has a Co-Eo-algebra structure. The forgetful Co-functor

und: Fil (8p ) — Gr (sp)
promotes to a Cp-symmetric monoidal equivalence

0: Fil (Sp™) = Modsy (Gr (5p) ) -

On underlying oo-categories, 0 recovers the ordinary symmetric monoidal equivalence of [Lur14, Proposition
3.1.6] (also denoted 6).

Proof. That 6 is lax Cp-symmetric monoidal follows from Corollary 3.1.13. Building on that, it
suffices to show that if X is a filtered C,-spectrum, the canonical map N (6(X)) ®yc, (i) S[t] ~
8(N“2(X)) is an equivalence. The result follows from Lemma 3.1.17 and the observation that, as a
module over N©2 (S[t]), there is an equivalence S[t] ~ N (S[t]) @ N2 (S[t]) (—1). O

Proposition 3.1.20. Let C be a distributive Cy-stable Cy-symmetric monoidal Cy-co-category. Then the
associated graded functor (3.1.7) promotes to a Cy-symmetric monoidal functor gr: Fil(C)® — Gr(C)®,
where filtered and graded objects in C are given the Cy-symmetric monoidal structures of Corollary 3.1.13.

Proof. Our proof will be quite similar to [Lurl4, §3.2]. We will consider the universal case C = ‘Spc2 ;
the result for general C follows from the equivalences Gr(C) ~ Gr (SECZ) ® C and Fil(CT ~
Fil (Sﬁcz) ® C in the (large) co-category of C-presentable C,-co-categories.

Now we may regard Sjcl ~ Fun ({O}, Sjcz) as a Cp-localization of Fil (SQCZ) via the inclusion
{0} C Z. This localization is compatible with the C;-symmetric monoidal structures on S£C2

and Fil (S£C2> in the sense of [NS22, §2.9, in particular see Remark 2.9.3]; this follows from the
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description of the norm in Lemma 3.1.17. As a consequence, there is a unique C,-E-algebra
structure on the filtered Cy-spectrum A characterized by

Al _ S ifn=0
)0 else

so that the unit map Sfil 5 A restricts to an equivalence S = AP. On underlying spectra, the map
of algebras Sfil — A agrees with that of [Lur14, Proposition 3.2.5].
Now the previous argument together with Lemma 3.1.19 imply that there is an equivalence

Mod 5 (Fil(SjCZ))  Mod  Modgy (Gr (SECZ)) ~ Gr (sjcz) . (3.1.21)

The result follows from noting that the associated graded C,-functor is equivalent to the com-
posite

Fil (Sp) =% Mod, (Fil (Sp)) = Gr (5p) ,
where the latter equivalence is (3.1.21). O

Remark 3.1.22. Let C be a Cy-symmetric monoidal Cp-co-category admitting geometric real-
izations. Let A be an augmented C,-Ew algebra object in C. Since the forgetful C-functor

E;Alg (CzlEooAilg(C)) — G ExAlg(C) is an equivalence by [Ste25], using Proposition A.0.14, we

may take the bar construction in C;[E«Alg(C) to obtain Bar(A) as a Cy-object in coAlg (CZIEOOA71g (C)) ,
i.e. a Cp-Eco-co-E;-bialgebra object in C. Since C2EAlg(C) — C preserves geometric realizations,

the underlying [E;-coalgebra object of Bar(A) agrees with the ordinary bar construction for Og};—
cocartesian families of augmented algebra objects.

Notation 3.1.23. Let C be a distributive Cy-presentable Cy-symmetric monoidal Cp-co-category.
Write DY = Bar(18'[t]); by Remark 3.1.22, it is a Cp-IE«-co-IE;-bialgebra object in Gr(C). We write
D_ for the dual of DY, which we regard as an [E;-co-C;-Ec-bialgebra in Gr(C) by Proposition
4.1.30. It also follows from Remark 3.1.22 that the underlying object of ID_ admits a formula as in
[Rak20, Notation 3.2.11]:

1 ifn=0
D~ J1[-1] ifn=-1
0 else.

Proposition 3.1.24. Let C be a distributive Cy-stable Co-presentable Co-symmetric monoidal Co-co-category,

and let 1 denote the unit. Suppose further that C admits Cy-limits indexed by Zc,. There is a canonical

Comyz -monoidal equivalence gr: Fil"(C) — Modp (C) (see Notation 3.1.23) making the following
2

diagram commute
Fil(C) — % Gr(C)

] u

Fil'(€) —% Modyp, (Gr(C)).
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Remark 3.1.25. As noted at the beginning of §3, we expect the equivalence of Proposition 3.1.24 to
refine to one of Cy-symmetric monoidal Cp-oo-categories.

Proof of Progosition 3.1.24. By Proposition A.0.14, the result is equivalent to exhibiting an equiva-
p_ . .1 . . _ .
lence of O -cocartesian families of symmetric monoidal co-categories. The result follows from

observing that [Rak20, Theorem 3.2.14] is suitably natural in colimit-preserving symmetric monoidal
functors. N

3.2 Slices and truncations

In this section, we introduce various filtrations on categories of graded and filtered objects which
will be useful later. Unlike in [Rak20], where the filtrations under consideration arise from t-
structures, we will consider filtrations which do not arise from a t-structure. This can be thought of
as reflecting the peculiarities of the Cy-equivariant category (which admits infinitely many possible
filtrations which measure connectivity of underlying and geometric fixed point spectra at different
speeds, cf. [Will7]). Alternatively, this might be regarded as reflecting the ‘motivic’ nature of
working Cy-equivariantly [Hea19].

Definition 3.2.1 ([Will7, Definition 1.41]). Let C be a Cy-stable Cp-co-category. A filtration F on C is
a sequence of full Cy-subcategories

e CC5p CCopq1 C---C

so that for each n, the inclusion C>, C C admits a right C;-adjoint P": C — C>,. Write C<,,_1 for the
full Cy-subcategory of C on those objects X € C; which P"(X) = 0 € (C>y)¢. Write F, = C>, N C<y
and refer to this as the subcategory of n-slices. We will refer to Jy as the heart of the filtration.

This generalizes the filtrations we are familiar with.
Proposition 3.2.2. Consider the sequences of full Co-subcategories

(a) SiiﬁiCQZn generated by those Cy-spectra which are regular slice n-connective (Definition 3.2.20).

(b) Sjgzn generated by those Co-spectra which are n-connective with respect to the Postnikov t-structure
(Definition 2.2.17).

Both sequences of Cy-subcategories define a filtration on Sjcz in the sense of Definition 3.2.1. A similar
result holds for Mod ,, where A is a connective Eeo-algebra in Sp©2.

Proof. We sketch the proof for A = SU; the general case is identical. Note that the left adjoint

Cy ® —: Sp — Sp to the restriction functor evaluated on an n-connective ordinary spectrum is
both regular slice n-connective (see Lemma 2.2.24) and Postnikov n-connective. The result now
follows from Corollary 2.1.14. O

Definition 3.2.3. Let C be a Cp-symmetric monoidal Cy-co-category. A filtration I on the underlying
Cp-co-category C is compatible with the C-symmetric monoidal structure if the following conditions
are satisfied:

(i) The subcategory of coconnective objects C<( is closed under filtered colimits;
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(if) The unit object 1¢ lies in C>p;
(iii) If X,Y € C>g, then X ® Y € Cx.
(iv) If X € %, then Ne2X € C.

Remark 3.2.4. If C is a Cp-symmetric monoidal C,-co-category with a filtration which is compatible
with the Cy-symmetric monoidal structure, then C° is an ordinary symmetric monoidal co-category
equipped with a compatible filtration.

The following is an immediate consequence of [NS22, Theorem 2.9.2].

Proposition 3.2.5. Let C® be a Cy-symmetric monoidal Cy-oo-category. Suppose C is equipped with
a filtration (C,C<g, C>0) which is compatible with the Cy-symmetric monoidal structure in the sense of
Definition 3.2.3. Then

(a) Csq inherits a canonical Co-symmetric monoidal structure so that the inclusion C>o — C admits a
Cy-symmetric monoidal structure.

(b) The heart (C>q)<q inherits the structure of a Co-symmetric monoidal co-category so that T<g: C>g —
>0)< Y 801y <0:L>
(C>0) <o admits a Cy-symmetric monoidal structure.

Definition 3.2.6. Given a filtration F on a C,-co-category C, Gr(C) inherits several filtrations.
(a) A graded object X, € Gr(C) is n-connective in the neutral F-filtration if X, € C>, for all n.

(b) An object X, € Gr(C) is n-connective in the positive F-filtration if X, € C>p« for all n. Denote
the Cp-oo-category Gr(C) equipped with this filtration by Gr(C) 5+ .

(c) Anobject X, € Gr(C) is n-connective in the negative F-filtration if X, € C>,_ for all n. Denote
the Cp-oo-category Gr(C) equipped with this filtration by Gr(C) 5-.

When C = Sp“2 or Mod 4 for A a connective Ee-ring spectrum in Sp©2, we will denote the latter

L orGr(Mod,)

Cy ;
two by Gr (S£ )rshce Lslice® » T€Spectively.
Remark 3.2.7. Let A be a connective E-ring spectrum in Sp*2. Consider the negative regular slice
filtration of Definition 3.2.6 for C = Mod 4. The heart of this filtration can be identified with the full
Cp-subcategory of Fun (Z‘éz,Mod A) on those functors F: Z° x ((’)g’) y — (Mod, ), so that for
each n, F(n, —) takes values in regular (—n)-slices. Similarly, the heart of the positive regular slice

filtration of Definition 3.2.6 can be identified with the full C;-subcategory of Fun (Z‘éz, Mod A) on

those functors F: Z% x (ng) — (Mod ), so that for each n, F(n, —) takes values in regular n-
2/t/ L

slices. We will denote these C,-0o-categories by Gr (Mod 4 )zlicei’ or Gr (rslicez) if A is understood.

Observation 3.2.8. Let k denote the fixed point C-Green functor associated to a discrete ring
with involution. Recall [Ull13, Corollary 8.9] which characterizes regular 1-slices as those discrete
cohomological Cy;-Mackey functors whose restriction maps are injective and the fact that ®S°
defines an equivalence from the category of regular n-slices to the category of (1 + 2)-slices. It
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follows that the functor — [—[4]p + 0] ~ — [—| 4 ]p — 1] defines an equivalence? from the category
of regular n-slices to the category of 1-slices when 7 is odd. Thus, we have C,-functors

(=) [T3 1o +e(x)] : Gr (Mody) 5y — Gr (Mod) )
X, 5 F(X)p i= Xy [f [gp n e(n)a}
(=) [F310 = (1] : Gr (Mody) Y, = Gr (Mo?)

(where ¢(n) = 1if nis odd and zero otherwise) which are fully faithful and have the same essential
image: those graded k-modules M,, in Co-Mackey functors so that the restriction map on M, is

injective for all n odd. Write Gr (Modk)?i for their essential image.
Write Gr (Modk)? for the heart of the neutral regular slice filtration on Gr (Mody); this category
is canonically identified with Gr (Mod?).

Proposition 3.2.9. Let A a Co-Eco-algebra in Sp which is connective with respect to the Postnikov
t-structure. Then the neutral, positive, and negative regular slice filtrations of Definition 3.2.6 (also
see Proposition 3.2.2) are all compatible with the Co-symmetric monoidal structure on Gr (Mod 4) from
Corollary 3.1.13.

Remark 3.2.10. The analogue of Proposition 3.2.9 does not hold for the Postnikov filtration, because
N© does not take n-connective spectra to 2n-connective Co-spectra unless 1 < 0.

Proof of Proposition 3.2.9. The result follows from the definition of compatibility in view of Lemma
2.2.24 and Lemma 3.1.17. O

Remark 3.2.11. Let k be the fixed point C,-Mackey functor associated to a discrete ring with an
involution. By Proposition 3.2.5, there are induced C;-symmetric monoidal structures on the hearts
of the neutral, positive, and negative regular slice filtrations on Gr (Mody ). In particular, the positive
and negative regular slice filtrations induce a Koszul Cp-symmetric monoidal structure ®x on

Gr (Modk)i, while the neutral slice filtration induces the Day convolution Cp-symmetric monoidal

structure ®p on Gr (Mod,?). Identifying Gr (Modk)?i with full subcategories of Gr (Mod]?)

using Observation 3.2.8, this agrees with the usual C;-symmetric monoidal structure on graded
Mackey functors, with tensor product and norm given by parametrized Day convolution, but
with two changes. In addition to the symmetry isomorphism incorporating the Koszul sign
convention, the Cy-action on the norm is twisted by (—1). In particular, if A is a C;-commutative

algebra in Gr (Mod,?) with respect to the Koszul sign rule and a € A7, is in odd degree, then

n(a) = —n(o(a)) € Affz?ﬁ. We will write Gr (Mody) ?ir’@K for the C;-category Gr (Modk)?i with the

Koszul Cp-symmetric monoidal structure.’

2In writing this equivalence, we made a choice; we could have used the functor — [—[4]p + 1] ~ — [~ %]p — o] which
identifies regular n-slices with those cohomological C;-Mackey functors for which the transfer map M¢ — M2 is surjective.

3We have not compared our notion of Cp-graded commutative algebra with that of [AB18], but let us note that Angeltveit—
Bohmann consider a more general notion: Their indexing category is the representation ring RO(G).
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An important aspect of [Rak20] is relating positive and negative t-structures on graded objects;
in particular, this allows Raksit to define cohomology for a k4 -cochain complex. We prove an
involutive enhancement of this correspondence in Proposition 3.2.15. In order to do so, we first
introduce a parametrized enhancement of the Picard space for a C-symmetric monoidal C;-co-
category.

Notation 3.2.12. Let C be a C-symmetric monoidal C-co-category. Write Pic(C) for its correspond-
ing Picard space; at each orbit, Pic(C) is the ordinary Picard space of C*2/. Since invertible objects
are closed under symmetric monoidal functors, Pic(C) is a grouplike Cp-Eo-monoid in Cp-spaces.
In particular, we may regard it as the infinite loop space associated to a connective C,-spectrum.

Observation 3.2.13. Let A be a connective C;-Eq-algebra in Spcz. As in [MS16, Example 2.2.2],
there is an isomorphism 7, Pic (Mod 4) ~ m, (Q®A)™ of C,-Mackey functors, where 7, (Q®°A)™ is
the Cy-Mackey functor of units in the Cp-Tambara functor 7ty A. Furthermore, there is an equivalence
of C-spaces 7>1Q0Pic (Mod 4) ~ 71 (Q®A) ™.

Let C be a Z-linear C;-stable Cp-presentable distributive Cp-symmetric monoidal Cp-co-category
and consider the Cy-functor which shears

ar(c) 2% ar (o)

(3.2.14)
X, = F(X) := ZFPX,,.

Proposition 3.2.15. Let C be a Z-linear Cy-stable Cy-presentable distributive Cy-symmetric monoidal
Cy-oco-category.

(1) The shear functor [+px] of (3.2.14) is a Co-symmetric monoidal equivalence of Cy-oo-categories with
inverse [Fpx*] : Xy — LFTP*X,,. Suppose C = Mod 4 for A a connective Co-Eoo-Z-algebra. Then the
functors [+px] promote to filtered equivalences

[p*] : Gr (M70dA) ﬁ Gr (MA)rslice+ : [_p*]

rslice™

between the negative and positive regular slice filtrations of Definition 3.2.6 on Gr (Mod 4). In
particular, they induce inverse equivalences on hearts

lo%): Gr(Mod )~ &= Gr(Mody) . .« [—p].

rslice rslice™
(2) On underlying spectra, [£px] recovers the equivalences [£2x] of [Rak20, Proposition 3.3.4].

Proof of Proposition 3.2.15. (1) Similarly to [Rak20, Proof of Proposition 3.3.4], a C,-functor

Y11 Z¢ — Pic(Mody)

3.2.16
ns Yo g ( )

defines an autoequivalence of Gr(C) via the adjoint of

75, % Gr(C) P, pie(Mody) x € S ¢
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By the universal property of the parametrized Day convolution [NS22, Proposition 3.1.7], it
suffices to upgrade the map of spaces (3.2.16) to a morphism of grouplike Cy-Eq-Cp-spaces.
Using Observation 3.2.13, consider the Whitehead tower of the Picard C,-space

1y (Pic(Modgz)) [1] —— 7>1Pic(Modgz) —— myPic(Modz)
ot -t I~ (3.2.17)

Z/2Z[1) — 5 Pic(Modz) —— A

where A is the Burnside C;-Mackey functor. To obtain our desired map, it suffices to show
that Z — moPic(Modgz) ~ A classified by [Cy] € A2 admits lifts (as maps of connective
Cy-spectra) along each stage of this tower.

Since the map Z u) A is homotopic to the composite Z M A A, the composite

Z — A 5 Z/27]2] is homotopic to the composite Z ——> SIS INg 5 z/27)2] LN Z/27]2],
which is canonically nullhomotopic because the transfer map is zero on the constant Mackey
functor with value Z/27Z.

(2) Let i+ be as in the proof of (1); taking underlying co-groupoids, % are maps of grouplike
E.-spaces. The result follows from the observation that ¢% are canonically identified with
the maps +¢ which are used to define the functors [£2x] in [Rak20, Proposition 3.3.4]. [

Now, let us consider filtrations on Fil (C). Doing so will allow us to show that given a Cp-E«
algebra A in Sp©2, the regular slice-connective covers T rShceA interact nicely with the normed
multiplication structure on A (Remark 3.2.21).

Notation 3.2.18. Let A be a C,-Eqo-algebra in Sp© which is connective. Let Fil (Mod 4 )=® denote
the full C,-subcategory of those filtered objects X, such that X, is regular slice n-connective for all

n. By Lemma 2.2.24, its fiber over C; is Fil (Mod z¢ (Sp) )~ ,, where the latter denotes the category of
[Rak20, Construction 3.3.6], i.e. consisting of those filtered objects X* so that X" is n-connective
for all n. Write ¢ for the inclusion Co-functor ¢ : Fil (Mod 4 )= C Fil (Mod 4 ), which exists by
Observation 2.2.23. -

Proposition 3.2.19. Let A be a Cy-Eco-algebra in Sp2 which is connective.
(a) The inclusion Cy-functor 1 : Fil (ModA)rShce C Fil (Mod 4 ) admits a right Co-adjoint T%,.

(b) The Cy-functor 1 is Co-symmetric monoidal, and Tg* is lax Cy-symmetric monoidal.

Proof. Note that Fil (Mod 4) and Fil (Mod 4 )= have C,-coproducts, which are preserved by the
inclusion 1. Now (a) follows from Corollary 2.1.14. To prove (b), note that the subcategory is
compatible with the Cp-symmetric monoidal structures on Fil (Mod 4) (Corollary 3.1.13) in the
sense of [NS22, Proposition 2.9.1] by Lemmas 2.2.24 and 3.1.17. The result follows from Theorem
2.9.2 of loc. cit. O

Definition 3.2.20 (cf. [Ull13; Wil17]). Let Abe a Cz-]Eoo-algebra in SpC2 which is connective. Denote
the diagonal C,-functor by ¢ : Mod 4, — Fil (Mod 4) and let T . denote the connective cover with
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rslice

respect to the regular slice filtration (Proposition 3.2.19). use t%/¢ to denote the composite

R .
Mod 4 % Fil (Mod ;) — Fil (Mod ; )1®
which we call the regular slice filtration.

Remark 3.2.21. The regular slice filtration functor T2 is lax C-symmetric monoidal since J, T&,
both are. In particular, it takes Cp-Eco-algebra objects to Co-E-algebra objects. B

Proposition 3.2.22. Let A denote a connective Eco-algebra in Sp©2.
(1) The regular slice filtration is right separated, i.e. the intersection (\,cz Tg}fce Mod 4 (Spc2) is zero.
(2) The regular slice filtration on Mod 4 is right complete, i.e. the canonical Co-functor
Mod 4 — lim (- -+ = Mod g rglice>—1 — Mod 4 rglice>0)
is an equivalence.

Corollary 3.2.23. Let A denote a connective Eco-algebra in Sp“2. The composite

rslice .
colim

Mod 4 —— Fil (Mod ,) <= Mod 4
is canonically equivalent to the identity functor.

Proof of Proposition 3.2.22. Part (1) follows from Lemma 2.2.25 and right-separatedness of the Post-
nikov t-structure on Sp©2. In view of the fact that limits in diagram categories are computed
pointwise, Part (2) follows from (1). 0

4 Bialgebras and their modules

Let S” denote the circle-with-flip-action, regarded as a C,-monoid object in Spc®2. Then there is an
equivalence of Cy-co-categories

Modz[su} >~ Fuin (BSU, Modz) (401)

which recovers the equivalence Mod 1) ~ Fun (BS!,Modz) on underlying co-categories. More-
over, we may regard (4.0.1) as an equivalence of (’)g};-families of symmetric monoidal co-categories,
which recovers the pointwise symmetric monoidal structure on Fun (BS!, Modz). However, the Cp-
monoid structure endows Mod 7 5. with additional structure: the twisted diagonal map S” — J1c, S L
x = (x,0x) induces a map of Cp-E-algebras AT: Z[S7] — N©2Z[S'] where N© is the relative
norm of Definition 2.3.7. Given a Z[S']-module M, we may canonically regard N M as a Z[S7]-
module via the map A”.

In §4.1, we show that the aforementioned map is part of a Cp-symmetric monoidal structure

on Modzss). Much of our material on C,-symmetric monoidal structures on modules over a
Co-bialgebra directly generalizes the main results of [Rak20, §2] to the C-parametrized context,
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and also serves a similar purpose: We will use these notions to define filtered involutive circle
actions and involutive chain complexes, which do not admit a convenient description in terms
of functor categories. In §4.2, we discuss generalizations of orbits, fixed points, and the Tate
construction, closely following [QS22]. Certain constructions and proofs in this section follow from
a fiberwise/pointwise application of the corresponding result for ordinary co-categories; when this
occurs, we only give an indication of the necessary modifications (if any).

4.1 Parametrized bialgebras and tensor products

In this section, we introduce C,-bialgebras and show that modules over a Cp-bialgebra inherit a
Co-symmetric monoidal structure. Our proofs will take us on a lengthy digression on parametrized
(co)cartesian symmetric monoidal structures. The reader who is interested only in real trace theories
may wish to skip the material between Proposition 4.1.3 and Definition 4.1.16, though the reader
who is more interested in parametrized co-categories and parametrized co-operads may find that
material of independent interest. Part of this section is written in slightly greater generality than
needed in the rest of the paper; if assuming our finite group G is C; did not simplify proofs
substantially, then we did not make such an assumption. However, we did not concern ourselves
with proving the most general statement possible for parametrized co-categories.

Definition 4.1.1. Let C be a G-symmetric monoidal G-co-category. We say that a G-E«-coalgebra
object of C is a G-E-algebra object of CV°P.

We write GEscoAlg(C) for the G-oo-category GIE«Alg(CVP)VP of G-Eq-coalgebra objects in
C. - -

Notation 4.1.2. In the following, coAlg(C) and Alg(C) will denote (co)algebras with respect to the
operad [E; of Definition A.0.5.

The G-symmetric monoidal structure on C induces canonical G-symmetric monoidal struc-
tures on the G-oo-categories GIEcocoAlg(C) and GE«Alg(C) [NS22, §5.3]. Thus, we may consider
parametrized algebras endowed with the structure of both an algebra and a coalgebra.

Proposition 4.1.3. Let C be a G-symmetric monoidal G-oo-category. Then there are canonical equivalences
of G-symmetric monoidal G-co-categories

GEwcoAlg(GE&Alg(C)) ~ GEwAlg (GEwcoAlg(C))
GEccoAlg(Alg(C)) ~ Alg (GE«coAlg(C)) coAlg(GE,Alg(C)) ~ GExAlg (coAlg(C))

commuting with the (G-symmetric monoidal) forgetful functors to C. On underlying symmetric monoidal
oo-categories, this recovers [Rak20, Proposition 2.1.2] (see also [Lur18, Corollary 3.3.4]).

Proof. The first equivalence follows from Lemma 4.1.7. The latter two equivalences follow from
a parametrized adaptation of the argument in [Rak20, Proposition 2.1.2]; let us verify that the
necessary ingredients for the argument carry over to the parametrized setting. Firstly, note that
Nardin-Shah have shown that for any G-distributive G-symmetric monoidal G-co-category D,
there is a free-forgetful G-adjunction GEAlg(D) — D which is fiberwise monadic [NS22, The-
orem 4.3.4 & Corollary 5.1.5]. Furthermore, any G-symmetric monoidal G-co-category D can be
embedded into a G-distributive G-symmetric monoidal G-co-category of presheaves, endowed
with the parametrized Day convolution G-symmetric monoidal structure [NS22, Corollary 6.0.12].

33



Additionally, the G-co-category GE«Alg(D) has finite G-coproducts which are computed by the
parametrized tensor product [N522, §5.3]. The result follows from universal properties of G-
cocartesian G-co-operads of Definition 4.1.5, which are proved in Lemma 4.1.10 and Proposition
4.1.12. O

Recollection 4.1.4 ([NS22, Definition 5.2.1]). Let 7 be an orbital co-category. A T -co-operad O%
is unital if for all orbits V € T and objects x € O, the space of multimorphisms Muly (&, x) is
contractible.

Definition 4.1.5. Let C be a T-co-category. We will say that a 7-symmetric monoidal structure C®
on C is T-cartesian if it satisfies

(1) The unit 7-object 1¢ is T -final

(2) For each pair of objects X,Y € C, the canonical maps X® 1; +— X ®Y — 1; ® Y exhibit
X ®Y as a product of X and Y in the co-category C¢

(3) For each morphism a: s — tin 7, the functor Cs — C; classified by s = s L tin Span(Finy)
is right adjoint to the restriction functor C; — C; classified by a regarded as a morphism in
TOP.

There is an analogous dual characterization of those T -co-operads which are 7 -cocartesian. We
will denote T -cartesian 7 -symmetric monoidal structures by C'T and T-cocartesian 7 -symmetric
monoidal structures by C-.

A T-oo-operad O is cartesian (resp. cocartesian) if it is equivalent to C!! (resp. CY) for some
T -oo-category C.

Remark 4.1.6. Unravelling definitions, it is not too difficult to see that Definition 4.1.5 agrees with
the parametrized (co)cartesian operad of [N522, Example 2.4.1].

Lemma 4.1.7. Let C be a G-symmetric monoidal G-co-category.

(a) The oo-category GEccoAlg (G]EooAilg(C )) of G-bialgebra objects is G-semiadditive in the sense of
[Nar17, Definition 2.19].

(b) The G-symmetric monoidal structure on C induces a G-symmetric monoidal structure on GIEcoAlg (GIEooAilg(C ))
which is both G-cartesian and G-cocartesian.

(c) Let € any G-semiadditive G-oo-category, and regard £ as a G-symmetric monoidal G-co-category with
its G-cartesian (equivalently, G-cocartesian) G-symmetric monoidal structure. Then the forgetful func-

tor GEccoAlg (G]EooAilg(C)) — C induces an equivalence of G-co-categories Fun®® (5, GEocoAlg (G]EooAilg(C)> ) -
Fun®®(&,0).

Proof. We prove (b) first; (a) follows from (b) by unravelling definitions. Recall that the G-
symmetric monoidal structure on GE«Alg(C) is G-cocartesian [NS22, Corollary 5.3.8]. Applying

Theorem 5.1.3 ibid. to GE«Alg(C)¥P, we deduce that GEccoAlg (GlEooAilg(C)) admits finite
G-coproducts, and that the forgetful functor GE«coAlg <G]EOOA71g(C )) — GE«Alg(C) preserves
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finite G-coproducts. Moreover, [NS22, Corollary 5.3.8] also implies that the symmetric monoidal

structure on GEscoAlg (G]EooAilg(C )) is cartesian. To show that the symmetric monoidal structure

on GEecoAlg (GlEooAilg(C )) is also G-cocartesian, we must check the three conditions of Definition

4.1.5; the verification of the first two conditions are straightforward parametrized generalizations
of those in the proof of [Lurl8, Proposition 3.3.3]. It remains to verify

(3) Let G/K — G/ H be any map of orbits, and write R for the restriction functor GEs.coAlg (GEw%(C ))

GEwcoAlg (GEWL@(C)) /K The norm functor N : K — CH lifts to a right adjoint of R

(which we also denote by Ni!) by G-cartesianness of the G-symmetric monoidal structure
on GEcoAlg (G]EooAilg(C )) . We must check that NI is also the left adjoint to R. Since the

forgetful functor 0: GEqcoAlg (GIEOOAilg(C)) — GEwAlg(C) creates G-colimits, it suffices

to show that Ni! computes the left adjoint to GE«Alg(C)c/n — GEwAlg(C)g k- This fol-
lows immediately from the fact that the G-symmetric monoidal structure on GE«Alg(C) is
cocartesian [NS22, Corollary 5.3.8].

We now prove part (c). Write the forgetful functor as a composite
Fun®® (5, GmwcoAlg(GEng(C))) 21, Fun®® (5, GEwL@(C)) 22 Fun®® (&, ).

Since the G-symmetric monoidal structure on £ is G-cocartesian, by Lemma 4.1.10, we can identify
@2 with the forgetful functor Fun (5, GE«Alg (G]EooAilg(C)>) — Fun (5, GlEooAilg(C)) This

functor is an equivalence by Proposition 4.1.12. A similar line of reasoning shows that ¢; is an
equivalence. O

Notation 4.1.8. Let C be a G-oco-category and assume that a: U — V isamap in Og. In the following
lemma, we will write Res‘L/, for the restriction functor a*: Cy — Cy associated to a. If a* has a right
adjoint .., we may denote it by colnd};: Cyy — C.

Construction 4.1.9. Let G be a finite group and let C be a G-co-category which admits all finite
G-coproducts. Let C U mG/* be the associated G-cocartesian operad of [N522, Example 2.4.1].
There is a canonical G-functor

0O:Cx mG,* — CLl
(ceCr,W—T)— ((Resa(c))u e II cu) .
UeOrbit(W)

Lemma 4.1.10. Let D be a G-symmetric monoidal G-co-category, and let C a G-oo-category which admits
finite G-coproducts. Then restriction along the functor © of Construction 4.1.9 induces an equivalence

Alg,, (D) — Fun (C, G]EooAilg(D)) of G-oco-categories.

Remark 4.1.11. While this work was being written, we learned that Natalie Stewart had already
proved similar results in [Ste25, Appendix A]. We leave our results on the universal properties of
G-cocartesian operads here, but make no claim to originality.
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Proof of Lemma 4.1.10. Throughout this proof, let us write 7 = Og. By a similar maneuver to that
in [BH21, Corollary C.2], we may reduce to the case where the G-symmetric monoidal structure on
D is G-cartesian. Then there is an equivalence of Cy-co-categories GE«Alg(D) ~ CMon+(D) by
[Narl7, Theorem 2.32]. Emulating [BH21, Lemma C.4], it suffices to show that restriction along ©

Fun (C", D) — Fun (C x Fing ,, D)
induces an equivalence between the subcategories

» functors f: C' — D; that preserve T/!-products
» functors C; — CMon+(D);

for all t € T. Without loss of generality, replace 7/ by 7. Let M: C x Fing, — D so that the
adjoint M': C — Fun(Fing ,, D) has image in Fun* (Fing ,, D) ~ CMon(D). Note that a general
object of C¥ is a tuple

X = ((xU)UGOrbit(W) e I Cuw- T) €Cr;
UeOrbit(W)
we will write xi; = (xy € Ciy, U € W — T). To prove the claim, it suffices to show that the 7 -limit
of
X. : uyx/
M*: (CXFIJG'*)(?E(C ) =D

is ] colnd/;M(cy;) € Dr. Recall that we have a commutative diagram
UeOrbit(W)

C><,op CU

! l

Fin —— Trivi —— Fing,

where C* is defined between Propositions 5.11 and 5.12 in [Sha23] (in particular, both vertical
arrows are cocartesian fibrations) and m% is the trivial operad of [NS22, Example 2.4.3]. The
inclusion

Q= (€ x Trivg) x (€)= (€ x Fing,.) x ()"
admits a fiberwise right adjoint by the discussion in the introduction to appendix C of [BH21],
hence it is G-coinitial by [Sha23, Theorem 6.7]. Thus it suffices to compute the G-limit of the
restriction of M* to Q. Now an object of C x Triv{ is a pair (c € Cs, W — S). Its image in CVXV’OP is

(Res% (c)) . Themap S — Tin T classifies the functor
ZeOrbit(W)

X X ~
Cw~ JI cCu— Courw = I Cy
U€eOrbit(W) YeOrbit(Sx W)

sending (xy) — (Resgy(xuy)) .
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Therefore, we may regard a (7°P)°/ -object of Q as a tuple

u
= <C €Cs V=50, {ReSYY (uy) = Resi(c)}YeOrbit(SxTW)>

where ¢ is a morphism in Fin making the following diagram
V+Zl  SxrW
S  s— S

commute. Note that the data of a map Res%,ly(xuy) — Resy (c) is equivalent to the data of a
map xy, — COIndgyResf/(c). Since M preserves G-products in its second variable, M(q) =~
[1zeomiy(v) Res%M(c). We claim that the restriction of M* to Q is Cy-right Kan extended from the

subcategory
R = (Cx@) x (€)Y ~ ] cx/.
cx U€Orbit(W)
Indeed for any g € Q, the parametrized comma category is R X g Q1 ~ || ZeOrbit(V) CResisi(C)/ ,and

the claim follows from the pointwise formula for parametrized right Kan extensions [Sha23, §10].
Now
limpM~ ] h—mcm/M ~ J] colnd{; M(x;)
U€Orbit(W) U€Orbit(W)

where the latter equivalence follows from the canonical identification cxu/ ~ T/U and [Sha23,
Proposition 5.11]. O

Proposition 4.1.12. Let T be an orbital co-category. Let O% be a unital T -co-operad, and let C* be a
cocartesian ‘T -oo-operad (Definition 4.1.5). Then the restriction

Alg,)(C) - Fun (0,C)
is an equivalence of T -oo-categories.

Proof. Let C be a T-oco-category and recall the definition of C" from [NS22, Example 2.4.1]. In par-
ticular, we have CY = Span(C*, all, Cpx_ cocart) — Span(Finy) where p*: C* — Finy is a cartesian
fibration defined in [Sha23, Proposition 5.12] and the triple structure on C* is given the triple
structure where the backward morphisms are ‘everything” and forward morphisms consist of those
morphisms which are cocartesian over Finy [Barl7, Definition 11.3].

Now if 0% is a T-oco-operad, then an O-algebra in C" is a functor B making the diagram

0 B CY = Span(C*, all,C¥ o cart)

p-cocart
k /

Span(Fin7)
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commute. By [Hau+23, Theorem 2.18], this is equivalent to the data of a commutative diagram of
adequate triples

TwAr (O9) B (C*, all,Clcocart)

X‘ / (4.1.13)

(Finy, all, all)

where TwATr" is given the triple structure where a morphism [f: ¢ — ¢] to [g: d — d'] is ingressive
(resp egressive) if evy (resp. evy) takes it to an equivalence. Let ¢: x — y be an object of TwAr" (O%).
Then the image of ¢ under g' is a span g7 (x) <+ g% (¢) — g7 (y). The functor g takes ¢ to the object
7" (¢). Now write TwAr" (O%®),_, for the full subcategory on those arrows whose target is a zero
object. Since O® was assumed to be unital, the inclusion ¢: TwAr" (O%),_, — TwAr" (O®) has a
left and right adjoint and they agree; call it 7r. Notice that the components of the unit and counit
7:id = tomand €: 1o m — id are egressive. Therefore, the morphism of adequate triples (4.1.13)
is equivalent to a diagram of functors

TwAr" (0%),_, —— C* ~ (evq)«(evp)* (CY)
\ / (4.1.14)
pX

FinT

For the next step, we introduce some notation: write X C Ar(Finy) for the full subcategory on
arrows with source in 7. Then we have maps

Finy <4 X &% 7.

By [Sha23, Theorem 2.24], (4.1.14) is equivalent to the data of a diagram of cartesian* fibrations

Q := (evp)i(evy)*TwATr" ( —0 A, v
\ /

over T, or equivalently [BGN18], a map A := A': QY = C of cocartesian fibrations over T
Now we proceed as in [Lurl?, Proposition 2.4.3.16]. Such a 7 -functor A determines a map of
T -o0-operads if and only if

(*) Let a be a morphism in Q¥ whose image under the ‘source’ functor in O is inert. Then A(«)
is p-cocartesian.’

Write jo: OV — X for the composite of the structure map OV — T with the identity section
T — X. Moreover, choosing a map j;: (0®)" — TwAr!(O®)P ~ TwAr' (0%) — TwAr' (O9)

“Note that (evg)(evy)* is only left Quillen by op. cit., so a priori we must perform fibrant replacement on
(evp)i(evq)*TwAr" (0®),_,. However, we may use the naive description of (evy), as postcomposition with evy because evg
is a cartesian fibration.

SNote that if a is fiberwise inert, then A(a) is an equivalence. Hence this recovers the condition (*) in op. cit. when

T = {x}.
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corresponding to a coherent choice of morphism with target zero object (see [Hau22, Warning
2.2.5]) canonically factors through TwAr" (O%),_,,. Since jy and j; agree after composing with the
projection to Finy, they assemble to a 7 -functor O — Q.

Thus it suffices to show

(@) A functor A is a left 7-Kan extension of A|p if and only if it satisfies (*)

(b) Every functor Ag: O — C admits a left 7-Kan extension satisfying the conditions of (a)
Now, for W € OF, an object of Qyy is a pair (X, W) where X € O%av] and W — S is a map in
Finy and W is an orbit. Write pyy for the inert map S <— W = W in Span (Fin7), and choose an
inert morphism X — Xy lying over pyy. This gives rise to amap fyy: (X, W — S) — (Xw, W) in
Q. Now for every Y € O[W:W], the composite

fwo—

homg (Y, (X, W)) = homg (Y, (Xw, W)) ~ homp,, (Y, Xw) (4.1.15)

is an equivalence. Now taking Y = Xy in (4.1.15), we see that fiy admits a right inverse gy .
Furthermore, the preceding discussion implies that the inclusion Oy C Q admits a right adjoint.
Since the inert map X — Xy is cocartesian over 7 °P, the aforementioned right adjoints promote to
a right 7 -adjoint. The remainder of the proof proceeds as in [Lurl7, Proposition 2.4.3.16]; we omit
the details here. O
Hereafter, we only concern ourselves with the case G = C,.

Definition 4.1.16. Let C be a Cy-symmetric monoidal co-category, and recall the equivalences
of . Set C2EbiAlg(C) 1= CrEwcoAlg(CrE0Alg(C)); we will identify this Cp-co-category with
G EcAlg (CzlEoocoAlg(C )) using Proposition 4.1.3, and refer to objects therein as Cp-IEco-bialgebra
objects. We will refer to objects of Co[EccoAlg (Ailg(C )) (resp. coAlg(C2E0Alg(C))) as [Ej-co-Co-
[Eo-bialgebra objects (resp. Co-IEco-co-E;-bialgebra objects) of C.

Notation 4.1.17. The construction C — coAlg(C) determines a Co-functor coAlg: Alg (Fun (Og};, Gatoo) ) —
Fun (Og, Gatoo) , classified by a Cp-cocartesian fibration that we denote C; (‘fatggAlg — Alg(CCateo).
We identify Ogg—cartesian sections of Cz(fatigAlg as a OZE—CoCartesian family C of monoidal oo-
categories and A is a Ogg—coCartesian family of coalgebra objects in C.

Similarly, there is a coCartesian fibration C,CatiM°d — Alg(C,Cats). We identify (’)gs—cartesian

sections of Cp Catio™® asa (’)gp-coCartesian family C of monoidal co-categories and a Cp-co-category
M which is right-tensored over C in the sense of Definition A.0.11.

Remark 4.1.18. The Cy-co-categories C,CatiMod czeatZSAlg admit finite products as in [Rak20,

Remark 2.2.5]. Moreover, they also admit finite products indexed by C,-sets. For instance,
[T A) =~ (c ACxC A (A,A))
G

H(C,M):(cicXc,M %Mxm).
C

where C; acts on []¢, C and [, M by permuting the factors.
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Construction 4.1.19. The assignment A — coMod 4 (C) extends to a Cp-functor CZGatg))Alg —
CyCatfMod gyer Alg(C,Cats ). The functor preserves finite products indexed by Cp-sets, thus we
can regard it as a C-symmetric monoidal functor p.

Proposition 4.1.20. Let C be a small Cy-symmetric monoidal Cy-co-category. Then the assignment
A — coMod 4 promotes to a Cp-symmetric monoidal functor y: coAlg(C) — RMod (CyCate).

Proof. By Corollary A.0.15, if A is an [E;-coalgebra in C, then the C;-co-category coMod 4 (C) is
right-tensored over C. By [Ste25], we can regard C as a Cy-E-algebra in [E1Alg(CyCatoo). This
induces Cy-symmetric monoidal structures on the parametrized fibers

Ceato™Ms % {C} ~ coAlg(C) CoeatfMod {0} ~ RMod,(CCate) .
Alg(CCatee) — T Alg(CyCate) —

Since the functor p of Construction 4.1.19 is Cp-symmetric monoidal, it restricts to the desired
Cp-symmetric monoidal functor coAlg(C) — RMod (C;Cate). O

Construction 4.1.21. Let C be a small C;-symmetric monoidal C-co-category and let A be a Co-Eco-
bialgebra object of C. By Proposition 4.1.20 and by the argument of [Rak20, Construction 2.2.2], we
obtain a C;-symmetric monoidal structure on coMod 4 (C) and a Cp-symmetric monoidal structure
on the forgetful functor coMod 4 (C) — C.

Variant 4.1.22. Let C be a small C;-symmetric monoidal Cp-co-category and let A be a Cp-Eco-
bialgebra object of C. Applying Construction 4.1.21 with C¥°P induces a Cp-symmetric monoidal
structure on Mod 4 (C) and a Cp-symmetric monoidal structure on the forgetful functor Mod 4 (C) —

C.

Example 4.1.23. Let G be a Cy-commutative monoid in %CZ. Since %GZ has all Cy-limits (i.e.,
it has a Cy-cartesian Cy-symmetric monoidal structure), we may regard G as a Cp-Ec-c0-C-[Eco-
bialgebra object in %Q. Let C be a Cy-presentable C;-symmetric monoidal Cp-co-category [Narl?,

§3]. Then there is a unique C,-symmetric monoidal Cp-functor F: Spc®? — C which preserves
Cy-colimits. o

We claim that there is a canonical C;-symmetric monoidal equivalence LModp ) (C) ~ Fun(BG,C),
where the latter is equipped with the pointwise Cp-symmetric monoidal structure of [NS22,

§3.3]. By Proposition 4.1.25, there is an equivalence LModr(;)(C) ~ C @ LModg (%Q) in
CEcAlg (CzPrL>. By [Nar17, Example 3.26], there is an equivalence Fun(BG,C) ~ C ® Fun (BG,%CZ).
It suffices to prove the result for C = %Q, wherein the Cy-symmetric monoidal structures on

Fun (BG,%CZ) and LMod. (%Q) are Cp-cartesian, hence we are done.

Recollection 4.1.24 ([Nar17, §3.4, in particular Proposition 3.25]). The Cy-oo-category of presentable
Cp-oo-categories and distributive Co-functors admits a C-symmetric monoidal structure. We will
denote the C,-co-category of presentable C,-co-categories and distributive Cp-functors by CoPrt.

Proposition 4.1.25. Let F: %GZ — D be a morphism in CQ]EooAilg(CzPrL)CZ, and let A be an algebra
object of %GZ. Then the Cy-symmetric monoidal functor Mod 4 (%GZ) — Modp4) (D) induces a map

C
D ®c¢Mod 4 (%GZ) — Modp4) (D) in CE«Alg (CzPrL> * which is an equivalence.
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Proof. It suffices to check that the induced functor is an equivalence at the level of underlying C,-
presentable Cp-co-categories. In particular, it suffices to show the induced functor is an equivalence
over each orbit. The result follows from Lemma 4.1.26 and applying [Lurl?7, Theorem 4.8.4.6] to
each orbit. O

Lemma 4.1.26. Let C, D be two Cy-presentable Cy-co-categories. Notice that C¢ and C©2 are presentable
ordinary co-categories (and likewise for D). Then there is an equivalence

C®QD:(¢h&MQDQE@§3C%%WDQ (4.1.27)

in CoPrt, where on the right-hand side of (4.1.27), @ () denotes the tensor product in Pt and the Cy-action
on C° @sp D is induced by the componentwise Cy-action on C¢ x D¢

Remark 4.1.28. Taking D = %CZ in (4.1.27), we see that indeed %CZ is the unit in CoPr".

Proof of Lemma 4.1.26. Write C @' D for the Cp-co-category on the right-hand side of (4.1.27). We
will show that C @' D satisfies the universal property defining C ®¢, D, hence they are canonically
equivalent. By definition of the tensor product in Pr, we have a C,-functor G: C x,D—=C®' D
which preserves fiberwise colimits separately in each variable. Now if L is the left adjoint to
the restriction functor R¢: C©2 — C¢, notice that the composite L¢ o R agrees with C©2 x {x} —
id o, x (U
C% x Spc CCZ—(CZ)> C% x Spc® & €%, and likewise for D. Since Spc®? is generated under
ordinary colimits by * and Cy, we see that G preserves Cy-coproducts separately in each variable.
Moreover, for any Cp-presentable Cp-co-category &, the data of a Cp-functor C x D — &£ preserving
Cp-colimits separately in each variable is equivalent to the data of a functor C @' D — £ which
preserves Cp-colimits. O

Recollection 4.1.29. Let C be a Co-symmetric monoidal C;-co-category. An object X € C is dualizable
if there exists an object Y € C withmaps# : 1 -+ X®Yande: X ®Y — 1 such that the composites

®id idy®
X % X oy @ X X5 x
n®idy idy ®e

Y —YRXQ)Y — Y

are both equivalences. One can check that if such a Y exists, it must be unique (up to contractible
choice), so we write Y ~ XV and call it the dual of X (in C). Furthermore, X" is dualizable with
dual X. We denote the full Cy-subcategory on dualizable objects by Cd C C. Since fully dualizable
objects are preserved under symmetric monoidal functors, C'4 is closed under the norm map and
thus inherits a Cy-symmetric monoidal structure from C. Furthermore, dualization refines to a
Cp-functor Cfd — (Cfd)vop,

Proposition 4.1.30. Let C be a Co-symmetric monoidal Cy-oo-category. There exists an essentially unique
Ca-symmetric monoidal functor B: coAlg (Crq) — Alg(Crq)"P ~ coAlg(C;") making the following
diagram

coAlg (Crq) — coAlg (C) SN RMod, (CyCate) /¢

I [

Ailg(CFdOp) E— Alg(CVop) L} RMOdcvop (CZGatoo)/Cvop
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commute. Moreover, the diagram of Cy-oo-categories

coAlg (Cra) ——r Alg(CLOP)

J |

C (=) vop
fd > Leg

commutes canonically.

Corollary 4.1.31. Let C be a Cy-symmetric monoidal Cy-category, and A a Cy-Eco-IE-bialgebra object
of C whose underlying object (i.e. forgetting the bialgebra structure) is dualizable. Then there exists an
E;-co-CoEco-bialgebra structure on A" and a Cy-symmetric monoidal equivalence of Cy-co-categories

Mod 4 (C) ~ coMod 4v (C).
On underlying co-categories, this recovers the equivalence of [Rak20, Corollary 2.3.3].

Proof of Proposition 4.1.30. The existence of the functor § follows from an argument similar to the
proof of [Rak20, Proposition 2.3.2], using Proposition 4.1.34 and the pointwise description of module
categories over [E-algebras discussed in §A. That f is Co-symmetric monoidal follows from the
observation that 5 o  is canonically equivalent to the identity. O

Remark 4.1.32. Let C be a Cy-symmetric monoidal Cp-co-category and suppose M, N are C,-
co-categories right tensored over C. If F: M — N is a Cp-left adjoint functor of C-linear Cy-co-
categories, then its right adjoint G is canonically lax C-linear (compare [Lurl7, Remark 7.3.2.9]).

Lemma 4.1.33. Let (M, U: M — C) be a Cy-object of RMod(CCateo) /¢ so that U admits a right
Cy-adjoint G: C — M which is C-linear. Then there is a Ei-coalgebra A in C equipped with a map
a: M — coMod 4 (C) in RMod(CaCateo ) /¢ S0 that, for any B: (’)Cs — E coAlg(C), the map

@ElcoAlg(A’ B) - MRMod;(Czeatm)/c (Mme (C))

is an equivalence of Cp-co-groupoids.
Proof. The result follows from the same argument as [Rak20, Lemma 2.3.5], but using (Ogs-points

of) parametrized functor categories in place of ordinary functor categories. O

Proposition 4.1.34. Let C be a Cy-symmetric monoidal Cp-co-category. The Co-functor p: coAlg(C) —
RMod(C>Cate) /¢ of Proposition 4.1.20 is fully faithful. Over each fiber t € T, its essential image consists
of those pairs (M, U) where M is a T/*-co-category right-tensored over C; and U is a Cy-linear T/ *-functor
(in the sense of Definition A.0.12) so that

(a) U is fiberwise comonadic, in particular it admits a right T/*-adjoint G: C; — M
(b) G is Cy-linear.

Proof. We may define a Cp-subcategory RMod,(C,Cate )9, of RMod, (CyCate) /¢ consisting of
those pairs (M, U) which are in the essential image of . By Lemma 2.3.5 ibid., y admits a left
adjoint v. Write ¢ for the structure map RMod.(CzCatw ) /¢ — C’)g‘;. By Lemma 4.1.33, the unit
u: id — p o v satisfies q(u) is the identity on Ogs, hence (p,v) is a Cp-adjunction. The rest of the
proof is similar to that of [Rak20, Proposition 2.3.6]. O

42



4.2 The Tate construction

Hochschild homology HH(A/k) is a k-module with S!-action; taking the homotopy orbits, fixed
points, and Tate construction with respect to the S!-action gives rise to cyclic homology, negative
cyclic homology, and periodic cyclic homology, respectively. One defines real versions of these trace
theories using a parametrized version of the Tate construction [QS22]. In this section, we consider
a variant on Quigley-Shah’s parametrized Tate construction which will allow us to apply fixed
points, orbits, and the Tate construction to filtered objects with filtered S”-action.

Recollection 4.2.1 (Tate construction). [Rak20, Construction 2.4.4; MNN17; QS22, Definition 5.48]
Let A be a dualizable bialgebra object of a stable presentable symmetric monoidal co-category C.
Restriction along the counit A — 1 defines a forgetful functor C ~ Modj (C) — Mod4(C). Denote
the left and right adjoints to the restriction by (—) 4, (—)* respectively. Assume further that we are
given an equivalence of A-modules A ~ AV ® w4 for some invertible wy € Pic(C). Then given
any A-module M, we have a morphism

MA®LUA§(M®A]1)®CL)A—>M®A(]I®CUA®AV)2M®AAZM

Since the A-module structure on the left hand side factors canonically through the counit A — 1,
the map above is adjoint to a map Nmjy; : M ® w4 — hom 4 (k, M). The Tate construction of M is the
cofiber of the norm map

M .= cofib(Nmyy).

Since the previous discussion was functorial in M, we have a functor Nm_ : Mod 4 (C) — Fun(A',C)
which induces (—)' ~ cofib o Nm_) : Mod4(C) — C.

Proposition 4.2.2. Let C be a Cp-symmetric monoidal oo-category which is Cy-stable, fiberwise presentable,
and Cy-complete and Co-cocomplete®, and suppose A is a dualizable cocommutative bialgebra object of C
which satisfies the assumptions of Recollection 4.2.1. Then the Tate construction of loc. cit. promotes to a
Co-functor

(=) LMod,(C) — C,
and the norm map Nm_ promotes to a natural transformation (—)4 — (=)' of Co-functors LMod 4 (C) —
C, where (—)4 is the right Co-adjoint to base change along the unit map 1 — A of Proposition A.0.21(c).

Remark 4.2.3. In the situation of Proposition 4.2.2, unraveling definitions we see that there is a
commutative diagram

_\tA
LMod 4 (C2) % IMod, (€c2)

Jer » Jer

LMod 4¢ (C°) ~—— LMod 4¢(C°).

Proof of Proposition 4.2.2. Since C is assumed to be Cy-complete and Cy-cocomplete, in particular it
admits both Cy-products and Cy-coproducts. By [Sha23, Proposition 5.11] and its dual, it follows
that the restriction map C2 — C° has both a left and right adjoint, and therefore it preserves limits
and colimits. The result follows from [Rak20, Remark 2.4.12]. O

6See [Sha23, Remark 6.11] on why assuming presentability is not sufficient.
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Next, we show that the parametrized Tate construction of Proposition 4.2.2 is lax monoidal
(compare [QS22]).

Definition 4.2.4. Let C be a Cy-stable Cy-symmetric monoidal co-category, and let A be a Co-Eco-
algebra object of C. Write LMod'2(C) denote the smallest stable full C;-subcategory of LMod 4 (C)
containing the objects A ® X for X € C%2 and A°® Y for Y € C°. We refer to this as the subcategory
of induced A-modules. By construction, it is a full C;-stable C;-subcategory of LMod 4 (C).

Remark 4.2.5. The category LMod!1¥(C) is fiberwise a ®-ideal; by construction it is closed under

the restriction functor LMod 4 (C)©2 — LMod 4 (C)¢. Now write N for the norm map on C and
N for the relative norm map on A-modules (see [Yan25, Appendix A]). Since N© (A ® Y) ~

(NCZ(AQ ® Y)) By, A = AR NY, the subcategory LMod14(C) is also closed under the

relative norm map LMod 4 (C)¢ — LMod , (C)©2. Therefore, it is a Co-®-ideal in the sense of [QS22,
Definition 5.24].

Observation 4.2.6. Let C be a Cp-stable Cy-symmetric monoidal co-category, and let A be a
dualizable C-Ec-bialgebra object of C satisfying the assumptions in Recollection 4.2.1. Let

M € LMod'"¢(C). Then M'4 ~ 0.

Proposition 4.2.7. Let C be a Cy-symmetric monoidal Cy-stable Cy-co-category and let A be a dualizable
bialgebra object of C. Assume that C is Cy-complete and Cy-cocomplete, and that C is fiberwise compactly
generated. Then there is a unique pair of data:

» A lax Cy-symmetric monoidal structure on the functor (—)*: LMod 4 (C) — C
» A lax Cy-symmetric monoidal structure on the natural transformation (—)4 — (=),

Proof. Take C = LMod4(C), D = LMod!?(C) in [QS22, Theorem 5.28], E = C, and keep the
notation L for the functor Funf:’;’lax(C, E) — Fun?:’;'laX(C /D, E) which is left adjoint to restriction
along the quotient C — C/D. By the theorem cited above, there exists an essentially unique lax
Cy-symmetric monoidal functor L ((—)#) : C/D — E and (regarding L ((—)%) as a functor C — E
which vanishes on D) and the unit of the adjunction (—)4 — L ((—)A) acquires a canonical lax
Cp-symmetric monoidal structure. It remains to check that L ((—)4) ~ (—)'!. As in the proof of
[NS18, Theorem 1.3.1], it suffices to check the equivalence at the level of Cy-exact Co-functors. This
follows by definition of the Tate construction, Observation 4.2.6, and Lemma 4.2.9. O

Remark 4.2.8. It follows from Proposition 4.2.7 that when C = S£C2 and A = S[K] for K any finite

group or compact Lie group sitting in an extension 1 — K — K — C; — 1 (compare [QS22]), the
norm map and Tate construction agree with the norm map and parametrized Tate construction of
[QS22] under the equivalence of Example 4.1.23.

Lemma 4.2.9. Let C be a Cy-symmetric monoidal Cy-stable Cy-co-category and let A be an algebra object
of C. Assume that C is Cy-complete and Cy-cocomplete, and that C is fiberwise compactly generated. Let
X € LMod 4 (C),. Then the following maps

colim Y=+ X
Ye(LModR4(C)r)
colim cofib(Y — X)4 — colim cofib(Y — X)4

Ye(LMod34(C);) Ye(LMod34(C);)

/X /X
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are equivalences in Cy.
Proof. The result follows immediately from [Rak20, Lemma 2.4.9]. O

Remark 4.2.10. Let D be a Cy-symmetric monoidal C,-stable Cp-co-category and let F be a Cp-
symmetric monoidal functor C — D. Let A be a dualizable algebra object of C.

F(N;
For any X € C, there is a canonical sequence of transformations F(X)p(4) — F(Xa) ﬂ>

F(X4) — F(X)F(4) whose composite may be identified with the norm map with respect to F(A).
If F preserves all Cy-colimits, then the canonical map F(X)p4) — F(X4) is an equivalence. In

particular, there is a natural transformation F((—)!4) — F(—)*(4)_ If F additionally preserves all
Cy-limits, then the aforementioned natural transformation is an equivalence.

5 Derived involutive algebra

In this section, we define derived algebras in C,-Mackey functors over k (Notation 2.3.5) which
admit norm maps; these are our derived rings with involution. Each derived ring with involution
over k has an underlying C,-E-algebra over k.

The purpose for defining derived involutive algebras is twofold: Let us reiterate the reasons
discussed in §1.2. First, while real Hochschild homology is defined for all Cp-E«-k-algebras, we do
not expect a real Hochschild-Kostant-Rosenberg theorem to hold at this level of generality: The
ordinary Hochschild-Kostant-Rosenberg theorem applies only to derived rings. Furthermore, we
will need to equip cochains on the involutive circle ZSU and its filtered cousin 7>, ZSU and ]Di’v
with additional structure in order to formulate the universal property of filtered real Hochschild
homology and the involutive de Rham complex. In particular, the latter are not connective; thus it
is not sufficient to take our derived involutive algebras to be simplicial objects in cohomological
Cp-Tambara functors (up to some notion of weak equivalence). We expect our theory of derived
involutive algebra to be relevant to the relationship between involutions in algebraic geometry and
genuine involutions in the sense of [CHN25].

To construct derived involutive algebras, we modify the formalism of Bhatt-Mathew and
Mathew (recorded in [Rak20, §4]). Our definition uses the language of filtered monads from loc.
cit., which we recall in §5.1 and extend to Cp-oo-categories. The general construction is contained
in §5.2. In §5.4, we discuss how derived involutive algebra structures behave under various
(co)connectivity assumptions; the results contained therein will be used to endow the filtered
involutive circle Z5" and its associated graded with the additional structure needed to state and
prove the main theorem(s) of this paper.

5.1 Filtered monads

Let k be a discrete commutative ring with an involution. We will define (not necessarily connective)
derived k-algebras with involution using the formalism of monads, similar to the approach taken
in [Rak20, §4.1-2]. In particular, we will utilize the notion of filtered monad (Definition 4.1.2 of
loc. cit.). The reader unfamiliar with the formalism of monads may find it useful to compare the
Barr—Beck-Lurie theorem [Lurl7, Theorem 4.7.3.5] and the characterization of [E-algebras in a
presentable symmetric monoidal co-category C as modules over the symmetric algebra monad
[Rak20, Construction 4.1.1].
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Definition 5.1.1. Let C be a Cy-co-category. A monad on C is an [E;-algebra object in the monoidal
co-category of Cp-endofunctors Endc, (C) = Func, ((’)25, End(C ))

A filtered monad on C is a lax monoidal functor ZZ, — Endc,(C), where ZZ, denotes the
partially ordered set of nonnegative integers regarded as a monoidal category via multiplication
and Func, ( (98’;, End(C )) is equipped with the composition monoidal structure.

More generally, if £ is a monoidal full subcategory of Endc, (C), we will refer to algebra objects
of £ as £-monads and lax monoidal functors Z>¢ — & as filtered £-monads.

Remark 5.1.2. Let C be a 7 -oo-category and suppose that for all a: s — £, the restriction functor
a*: Cy — Cs preserves all sifted colimits. Let F: C — C be a T-functor. It follows from [Sha21a,
Theorem D(2)] that F preserves all 7 -sifted T -colimits [Sha2la, Definition 1.12] if and only if F
preserves all sifted colimits fiberwise, i.e. if F;: C; — C; preserves sifted colimits for every ¢t € 7.
Moreover, a T-subcategory D — C generates C under 7 -sifted colimits if and only if, for each
t € T, Dy generates C; under sifted colimits.

Construction 5.1.3. Let C be a Cy-oco-category. Under the identification of Proposition A.0.14, a
monad on C is equivalently a (’)g};-cocartesian family of [Ej-algebra objects in the Ogg-cocartesian

family of [E;-monoidal co-categories End(C)°. Any monad T on C admits a C;-co-category of left
modules (for instance, by applying the constructions of [Lurl7, §4.7.1] for each object t € (’)8};).

Remark 5.1.4. Notice that for any C,-co-category C, we have monoidal restriction functors Endc, (C) —
End(C) and End, (C) — End(C®).

Lemma 5.1.5. Let C be a Cy-oo-category which admits finite Co-products and let T be a monad on C in
the sense of Definition 5.1.1. Then there is a Cy-adjunction U: Modr(C) 7= C: T which recovers the
adjunction Modre (C®) 7= C* on underlying oo-categories, where T¢ is the image of T under the restriction
functor of Remark 5.1.4.

Proof. Follows from Example A.0.19, Proposition A.0.20, and Corollary 2.1.13. O

The following proposition is a straightforward generalization of [Rak20, Proposition 4.1.4],
hence we omit its proof.

Proposition 5.1.6. Let C, £ be as in Definition 5.1.1. Assume that
(a) C admits all small Cy-colimits,

(b) & is closed under pointwise sequential colimits, so we have an adjunction colim: Fun(Z>,, &) #—=
E: 6, where § denotes the diagonal functor,

(c) Each F € &€ commutes with sequential colimits.

Then the adjunction (colim, §) canonically lifts to a relative adjunction Fun(Z g, E°) 7= £°: § over
Assoc®. In particular, the colimit of a filtered E-monad is canonically an E-monad.

Recollection 5.1.7. Let F(, , denote the Cy-co-groupoid whose objects consist of finite pointed sets
with Cp-action; it is a Cp-symmetric monoidal co-category via (parametrized) disjoint union. For
any presentable C;-symmetric monoidal co-category C, let SSeq(C) = Fun(Fc, .,C) denote the
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C;-co-category of Cp-symmetric sequences in C [Ste25, §2.6], regarded as a Cp-symmetric monoidal
oo-category via parametrized Day convolution [NS22, Definition 3.1.6].
C>-left Kan extension along the inclusion of the basepoint (985 — P, , induces a fully faith-

ful, Cy-colimit-preserving, Co-symmetric monoidal embedding C — SSeq(C). Composing the

parametrized Yoneda embedding of [Bar+16b, Definition 10.2] Fc, . ~ E‘ézp* — Fun (E Conr %Cz)

with the unique map %CZ — Cin G ELAlg (PrL) , we obtain a Co-functor y: FF¢, , — SSeq(C).
There is an additional (non)-symmetric monoidal structure on SSeq(C) called the composition
monoidal structure. For any D € C;EAlg (PrL)C/ , evaluation at y({[Co/Cy = C2/C3]}) deter-

mines an equivalence of C;-co-categories

FunCzlEmAlg(PrL)CF (@(C),D) ~ D

by [NS22, Corollary 2.4.5]. Taking D = SSeq(C), the reverse of the composition monoidal structure
on the left hand side transports to a monoidal structure on SSeq(C) which we will call the composition

monoidal structure. Explicitly, if A and B are Cp-symmetric sequences, the value of their composition
product on the Cy-set {*} with trivial action is computed as a parametrized colimit

(AoB)(Cy/Cy) ~ colim (A(S) ® B®S>

SEFQEZ hAutC2 (9) !

where ® denotes the tensoring of SSeq(C) over C, ® denotes the Day convolution product, and
Autc, (S) denotes Cr-equivariant automorphisms of S.
An [E;-algebra object with respect to the composition monoidal structure on SSeq(C) is a C5-00-

operad.” Finally, there is a fiberwise monoidal functor

0 : SSeq(C) — End(SSeq(C))
Ar Ao (—)

We also use 6 to denote the induced functor C;0p(C) ~ E;Alg (SSeq(C)) — E1AlgEnd(SSeq(C)).

Construction 5.1.8. Let C be a presentable C,-symmetric monoidal co-category. Let A be the
constant C;-symmetric sequence with value the unit object 1.

Write G: G ExAlg (SSeq(C)) 7= SSeq(C) : F denote the free-forgetful C;-adjunction of [NS22,
Theorem 4.3.4]. Then by Corollary 5.1.5 of loc. cit., Go F ~ C2Symgg.q(c) carries a canonical algebra

(monad) structure. By a similar argument to that of [Rak20, Construction 4.1.6], the monad G o F
is of the form 6(A) for A the constant C;-symmetric sequence at 1. Hence A inherits an operad
structure.

Construction 5.1.9. Fori € Z >, let SSeq=(C) C SSeq(C) denote the full Cy-subcategory spanned

by those C,-symmetric sequences such that A(S — C,/H) is an initial object of CH whenever
IS xcy/m Cal /2 > 1.

"We assume this equivalence for the moment and defer its proof to future work. Such an equivalence is generally
expected to hold, (cf. [Hau22] for the non-parametrized version of the statement). We thank Rune Haugseng for sharing his
ideas in this direction.
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Now consider the co-category Func, (Zzo X Og};,SSﬂ(C )) , and let SSeq=*(C) denote the full
subcategory spanned by those functors F such that F(i, —) € SSeq=!(C) for all i > 0. The inclusion
@ : SSeq=*(C) — Func, (Zzo X OOP,SSﬂ(CD admits a right adjoint .

Now Func, (Z§0 x O°P, SSﬂ(C)C%O) acquires a monoidal structure via parametrized Day con-
volution; write p: Func, (Z§0 X O(C’S,@(C)o) @ — Assoc® for the corresponding fibration of co-
operads. As in [Rak20, Construction 4.1.7], the full subcategory SSeq=*(C)® C Func, (Z§0 X ng,@(c )") ;
determined by the inclusion ¢ is closed under the Day convolution product and p is a locally co-

®
cartesian fibration, hence i promotes to a map of co-operads Func, (Z;O X (’)g’ ,SSeq(C )O) —
SSeq=*(C)®.

Finally, we will write (—)=* for the composite
SSﬂ(C)CZ'O 5 Func, (Zgo X (’)?;,SSﬂ(C)O)® 4 SSeq=*(C)®
and for the induced composite on algebra objects
C,0p(C) ~ Ey Alg (SSﬂ(C)Q) — [y AlgFunc, (z;o x 0%, SSﬂ(C)O) ~ Fun* (zgo x OF, @(C)O) .

Construction 5.1.10 (C,-symmetric powers filtered monad). Let C be a presentable Cp-symmetric
monoidal co-category. Let £ denote the full C;-subcategory of End(C) on those endofunctors which
preserve sifted colimits pointwise.

Let £ denote the full Cy-subcategory of End(SSeq(C)) on those endofunctors which preserve
both sifted colimits and the essential image of the embedding C — SSeq(C). Write p: &' — £ for
the canonical inclusion functor. S

From Construction 5.1.8, there is a Cy-c0-operad A with an equivalence of monads 6(A) ~
C2Symggeq(c)- Applying Construction 5.1.9, we obtain a lax monoidal C;-functor AS*: Z%, x

(981; — SSeq(C)°. Write C;Sym=* for the composite

<k
z%, 25 sseq(e) 0 Lo gr B e
Then a modification of the argument of [Rak20, Proposition 4.1.4] implies that there is an equivalence
of £-monads colim Czsymg* ~ C,Sym.

5.2 Derived rings with involution

The goal of this subsection is to define derived rings with (genuine) involution. Just as ordinary derived
algebras over Z can be regarded as generalizations of discrete commutative rings, our derived
rings with involution can be regarded as generalizations of cohomological C;-Tambara functors
(see Variant 5.3.11(2)).

Let us recall the definition of ordinary derived algebras. To define derived rings with involution,
Raksit identifies a filtered monad CSym35* on Proj,,, extends CSym5* to a filtered monad LSym3*
on connective Z-modules Mod7' via left Kan extension, and extends LSym%* to a filtered monad
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on all Z-modules using Goodwillie calculus. Derived algebras are defined to be modules over
LSym, := colim, LSym5* the extended monad. To define CSym5*, Raksit takes CSym5* :=
EOSymi* where Sym%* is the filtered free E-algebra monad. In particular, the property that
CSym%‘ preserves the subcategory Proj, is crucial, for means that CSym%* inherits a filtered
monad structure from Sym%*. Furthermore, the resulting map Sym%* — LSym%* implies that any
derived algebra A has an underlying E«-Z-algebra.

By virtue of the domain of definition of real trace theories, a derived involutive algebra should
have an underlying C-Eq-algebra. By Proposition 2.3.6, the constant C;-Mackey functor Z is a
suitable base. Many of the ideas and constructions in [Rak20, §4.2] generalize directly to Modz;
for instance, using the parametrized monads of Definition 5.1.1 in place of ordinary monads, and
the free C-Ec-Z-algebra in place of the free [E-Z-algebra. However, despite the fact that Modz
has a t-structure which is compatible with its C,-symmetric monoidal structure, it is no longer true
that 7t of the free Cy-[E-algebra on a free Z-module on some finite Cy-set is a free Z-module on
some finite Cy-set. We use the zeroth slice functor in place of 7, to define C,CSym from the free
Cr-E-Z-algebra monad.

We will define derived involutive algebras for any C;-co-category satisfying a list of axioms,
though the relevant examples for us consist primarily of Mod, and its filtered and graded variants,
and are discussed in greater detail in §5.3. n

Definition 5.2.1. A derived involutive algebraic context consists of a Cp-stable Cp-presentable C,-
symmetric monoidal C;-co-category, a compatible t-structure (Definition 3.2.3), a localization C,-
functor P: C>o — C>( with essential image contained in C¥, and a small full subcategory C° C
P(C>p) =: C° satisfying:

(@) the t-structure is right-complete
(b) P is compatible with the C;-symmetric monoidal structure on C>¢ in the sense of [NS522, §2.9]

(c) CY C C is a Cp-symmetric monoidal subcategory which is closed under C° Cp-symmetric
powers (see [NS22, Example 4.3.7])

(d) CYis closed under finite coproducts in C and its objects form a set of compact generators for
C>0.

We will often denote a derived involutive algebraic context by C and regard the additional data
as implicit. A morphism of derived involutive algebraic contexts is a Co-functor F: C — D which is
right t-exact, Cy-symmetric monoidal, compatible with the localizations P, and Pp and satisfies
F(c%) c DO.

Remark 5.2.2. In this situation, the norm functor N©2: C¢ — C2 is 2-excisive. First, observe that
N©2 preserves sifted colimits by the distributivity assumption and [Sha21a, Proposition 8.19]. By
the proofs of Propositions 4.2.14 and 4.2.15 of [Rak20], it suffices to show that (C°)¢ — C®2 is of
degree 2. The observation follows from [Nar17, Example 3.17].

Remark 5.2.3. Let C be a derived involutive algebraic context. If we furthermore assume that
(P%)¢ ~ 71§ as functors C¢, — C%,, then C¢ is a derived algebraic context in the sense of [Rak20,
Defintiion 4.2.1]. B B

We record an auxiliary lemma which will be used to construct the derived involutive symmetric
powers as a monad.
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Lemma 5.2.4. Let F: C>o — Cxq be a Cy-functor which preserves sifted Cy-colimits (see Remark 5.1.2).
Then for any X € Cq, the canonical map X — PX induces an equivalence

PO(E(X)) — PO (F (POX)) .
On underlying oo-categories, this recovers the equivalence of [Rak20, Lemma 4.2.17].

Proof. Observe that the C;-co-category C= is generated pointwise under sifted colimits by (C¢2)°
and (C®)? and P%o F and P% o F o P? preserve sifted colimits as functors C>o — C°. Therefore, it
suffices to show that they agree on the subcategory C°. However, PU acts by the identity on C° by
assumption, hence the result follows. O

Remark 5.2.5. Let us regard the (ordinary co-)category of Cr-endofunctors Endc, (C) as a monoidal

co-category under composition. Write End%2 (C>p) for the full subcategory of Endc, (C) on those
Co-functors which preserve sifted colimits pointwise. Consider the following full subcategories of

Endg, (Cx0):

> End%z,o (C>0) spanned by those Cp-functors F which both preserve sifted colimits pointwise
and satisfy F (CO) c O,

> Enda,z (C>0) spanned by those C>-functors F which both preserve sifted colimits pointwise
and satisfy PF (C%) C C°.

The monoidal stucture on Endc, (C>o) descends to one on Enda,o (C>0), and by Lemma 5.2.4,
End%z,z (C>0) is a monoidal subcategory of End%2 (C>0). We have an inclusion End%zlo (C>0) C
End%ﬂ (C>0) which is moreover monoidal. The inclusion admits a left adjoint® : Enda,z (C>0) —
End%z,o (C>0). Since CY generates C>( under sifted colimits, we identify sifted colimit-preserving

Co-functors C>¢ — C>o with their restrictions to CY. From this description, it follows that the left
adjoint T is given by composition with P. Since the inclusion is monoidal, T is oplax monoidal, and
Lemma 5.2.4 furthermore implies that T is strictly monoidal.

Furthermore, under the restriction functor of Remark 5.1.4, T is sent to T of [Rak20, Remark
4.2.18] by Corollary 5.3.5.

Definition 5.2.6. Let C be a Cy-co-category and let B be a Cy-stable Cp-co-category. We say that a
Cy-functor F: C — B is n-excisive if both F¢ and F©2 (see Remark 5.1.4) are n-excisive. We say that a
Co-functor is excisively polynomial if it is n-excisive for some 7.

Observation 5.2.7. Let C be a derived involutive algebraic context. Then it follows from Remark
5.2.2 that CoSymg' (—) is i-excisive.

Definition 5.2.8. Let A, B be additive Cp-co-categories and suppose B is idempotent-complete. Say
that a Cp-functor A — B is of degree n if F¢ and F© are both of degree 7 in the sense of [Rak20,
Definition 4.2.10].

Example 5.2.9. Let A be a distributive C;-symmetric monoidal Cy-oo-category. Then the Cp-functor
CoSym7 is of degree i.

8We break with our notational conventions and write T for a non-parametrized functor; the motivation for doing so is
reflected in the last sentence of this remark.
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Recollection 5.2.10. Let £ C End, (C) denote the full subcategory spanned by those C>-endofunctors
which are excisively polynomial, preserve sifted colimits pointwise, and preserve the full C,-
subcategory C>. Let £’ C Endc, (C>o) denote the full subcategory spanned by those C-endofunctors
which are excisively polynomial and preserve sifted colimits pointwise. Because the Postnikov
t-structure on C is right-complete, we conclude by Proposition 4.2.15 of [Rak20] that the monoidal
restriction functor £ — £’ is an equivalence.

Construction 5.2.11 (Derived involutive symmetric powers monad). We will construct a filtered

&-monad LSymg’g* on the C;-co-category C, with a map of filtered £-monads 6=*: CZSymg* (=) —

LSymg’é*(—), where C,Symz*(—) is the Co-symmetric powers filtered monad of Construction

5.1.10.
By Recollection 5.2.10, it will suffice to construct filtered £’-monads LSymg’fo* and 0= on C >0

instead. By Observation 5.2.7, CQSymé*o (—) is a filtered £’-monad. By definition of an derived
involutive algebraic context, C2Sym§>i0 (—) e Enda,z (C>p) foralli > 0. Using Remark 5.2.5, define

LSymgfo*(—) = ICZSymCS:O (—). Because T is monoidal, LSym%~*(—) inherits a filtered monad

structure from CQSymg*(—). Finally, the unit map of the adjunction T induces a map of filtered
monads 0=*: CZSymé*O(—) — LSymg’fo*(—) in Enda,z (C>p).
By Example 5.2.9 and [Rak20, Proposition 4.2.14], LSymg’foi is a filtered £’-monad, and 6=* is a

map of filtered £’-monads.

Definition 5.2.12. Let C be an derived involutive algebraic context. Let LSym{, denote the colimit

of the derived involutive symmetric powers filtered monad LSymg'S* of Construction 5.2.11. By
Proposition 5.1.6, LSym(, is a monad on C. We will refer to left modules over the monad LSymg,
on C as derived involutive algebras in C, and denote the C,-co-category of such objects (Construction
5.1.3) by DAIg” (C).

We will denote the fiber of DAlg” (C) over the Cy-set C,/C, by DAIlg” (C), and we will denote
the fiber of DAIg” (C) over the Cy-set C; /e by DAIlg(C?) or DAlg(C)°.

Every derived involutive algebra has an underlying C,-E-algebra.

Notation 5.2.13. Recall the map of filtered monads 6=*: C,Symg*(—) — LSym%="(—) of Con-
struction 5.2.11. Taking colimits, we obtain a map 6: C;Sym,(—) — LSymg(—) of monads on C.
This induces a forgetful Cp-functor ®: DAlg”(C) — CExAlg(C).

Proposition 5.2.14. (1) The Cy-oo-category of derived involutive algebras in C strongly admits all C,-
small Cy-colimits.

(2) The Cy-co-category of derived involutive algebras in C strongly admits all Co-small Cy-limits.

(3) The forgetful Co-functor ©: DAIg? (C) — CoEE«Alg(C) strongly preserves all small Cy-colimits and
Cy-limits. -
Proof. Since we work with a fixed derived involutive algebraic context C, we will mostly suppress C

from notation and write DAlg” instead of DAlg? (C) throughout the proof. To show (1), by Theorem
B of [Sha21la], it suffices to check the conditions
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(a) for every Cy-set T = C,/H, the fiber DAlg‘; admits all small x-colimits, and for every

morphism « : T — S in Oc,, the restriction map a* : DAlgg — DAlg‘; preserves x-small
colimits.

(b) for every map of finite Cy-sets w : U — V, the restriction functor a™* : DAlg“T/ — DAlg‘ZI admits
a left adjoint a;

(c) DAIg” satisfies the Beck—Chevalley condition: For every pullback square

u 5 u
o l LX
vty
in Finc,, the exchange map [Lur09, immediately before Definition 7.3.1.1]
vp* = B

is an equivalence.

For criterion (a), each fiber DAlg‘; is presentable by [Rak20, Proposition 4.1.10]. Now the only
non-isomorphism is « : C; — Cp/Cy. The functor a* preserves sifted colimits because the forgetful
functors DAlg” (C)©2 — C© and DAIg?(C)¢ — C° detect sifted colimits, and the functor a*: C©2 —
C¢ preserves sifted colimits. To show that the restriction functor a* preserves coproducts, we can
argue as in [Rak20, Proposition 4.2.27] to reduce to showing that the canonical map y: LSym. (X° @
Y¢) — a*LSym% (X & Y) is an equivalence for all X, Y € C©2. Because the map y arises canonically
as the colimit of a map LSym3,"(X® @ Y) — a*LSym%~"(X & Y) in C% x C — Fun (Zx0, C*)
which is polcynomially excisive in each variable, it suffices to show that u is an equivalence for all
X,Y € (C°%)“2. This follows from the corresponding map where LSym}, is replaced by C,Sym,, is
an equivalence.

To verify criterion (b), we show that a* satisfies the conditions of the adjoint functor theorem
[Lur09, Theorem 5.5.2.9(2)]. That DAlg‘Zl, DAlg“T/ are presentable and «* is accessible follow from
the verification of criterion (a). It remains to show that a* preserves all small limits. Since limits in
DAlg‘ZI ~ [Tweomit(u) DAlg‘;v are created by the forgetful functor to [Ty combit(u) Cw (and likewise

for V), (b) follows from the fact that the restriction functor a*: C<2 — C¢ preserves all small limits.
We show how to check criterion (c) in the special case where the pullback square is given by

CQXCZLCZ

nll la

Cz # Cz/Cz

. . . . . . * __ (_\e. o o 3~
in Finc,; the general case is similar. If a* = (—)°: DAlg Gy DAlg Cy/e denotes restriction

along C; — Co/Cy, let us write (—)® for its left adjoint. Fixing a trivialization C; x Cp =~
C, U Gy, we may identify the left adjoint to restriction along 771 as a twisted form of the coproduct
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—X—: DAlg‘(’-jzx o DAlg‘éz. Now unraveling definitions, the exchange map 7r1171; == a*a; is

given on A € DAlg”(C)* by a composite
AN A i> (Aﬁcz)e X (AIECZ)E N ((A&Cz)e)@)Z ﬁ) (AIXCZ)E.

Because the functors 71y, 715, ay, a* all preserve sifted colimits, it suffices to show that the exchange
map is an equivalence when A = LSym/.(N) for some N € C°. Because LSym. preserves
finite coproducts, we have LSymZ. (N) X LSym{. (N) ~ LSym,.(N & N). Because (LSym%)‘ ~
LSym,, (—°), the corresponding diagram of left adjoints commutes and we have an equivalence
LSymZ. (N)¥© ~ LSym..(C; ® N). Thus we may regard the exchange map as a morphism
LSym;.(N @ N) — LSym((C, ® N). Furthermore, let us observe that the exchange map arises as
the colimit of a filtered map LSymg; (N & N) — LSym%="(C, ® N). Because each filtered piece
preserves filtered colimits in N and is excisively polynomial, it suffices to show the exchange map
is an equivalence for N € (C°)¢, and this is true by construction.

To show (2), in view of [Sha23, Corollary 5.25], by Theorem B of [Sha21a], it suffices to check
the duals to the conditions outlined in the proof of part (1). For each C-set T € Oc,, the fiber
DAlg‘; admits all small limits because they are computed in Cr. For each a: T — S, the restriction

functor a*: DAlg‘sT — %‘; preserves all small limits because they are computed in Cg and Cr,
respectively and a*: Cg — Cr preserves all small limits. For each map of finite Cp-sets a : U — V,
the restriction functor a™* : %lg“’/ — DAng admits a right adjoint a, by the adjoint functor
theorem [Lur09, Theorem 5.5.2.9(1)] and the proof of part (1). Finally (the dual to) condition (c)
follows from the fact that limits in %lg‘; are computed in Cr.

The forgetful C;-functor ® preserves small sifted colimits and all limits indexed by constant
diagrams because they are reflected by the forgetful Cp-functors to C. By [BH21, Lemma 2.8; Sha21a,
Theorem 8.6(a)], to prove (3), it suffices to show that ©® preserves finite C;-coproducts. In other
words, we need to show that for A € DAIg”(C)¢, the canonical map N© (©(A)) — O(A®%2) is an
equivalence, where XIC, denotes the left adjoint to the forgetful functor DAlg” (C)©2 — DAlg” (C)°.
Since each A is a geometric realization of free derived algebras and ® and (—)®2 and N© commute
with sifted colimits, we may without loss of generality take A = LSym.(M) for M € C°. That
is, we need to show that the canonical map e : N (@LSym.(M)) — @ (LSym. (M)¥%2) is an
equivalence for M € C°. Since LSym, is a left C;-adjoint by Lemma 5.1.5, we have a canonical
equivalence LSym_. (M)¥® ~ LSym{(C, ® M). Thus, arguing as in [Rak20, Proposition 4.2.27], it
suffices to show that the map N (LSym,.(M)) — (LSym{(C, ® M)) is an equivalence. The map

. . . . * * ®C2 *
¢ arises as the colimit of a filtered map SZ%A : (@LSymg;S (M)) — 0 (LSymg’S (C® M)),

where (—)®%2 denotes the Day convolution C,-symmetric monoidal structure on Fil(C) of Corollary
3.1.13. Since SZS\/IH is excisively polynomial for each n and preserves sifted colimits, by [Rak20,
Proposition 4.2.15] it suffices to show that it induces an equivalence on colimits for M € C°. This
follows from the fact that C;Sym,,_ takes C;-coproducts to the norm as a functor C% — Cspand P

is Cy-symmetric monoidal. O

Let C be a derived algebraic context, and write I'l¢c, for the right adjoint to the restriction functor
C©2 — C°. By Proposition 5.2.14(1), the restriction functor a*: DAlg”(C)“2 — DAIg?(C)¢ admits a
right adjoint &, where a: Cy/e — C2/Co.
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Proposition 5.2.15. Let C be a derived involutive algebraic context, and write Ilc, for the right adjoint
to the restriction functor C©2 — C¢. Write U: DAIg” (C) — C for the forgetful Co-functor. Then in the
adjunction (a*, a) between DAl (C)2 and DAIg” (C)¢, the right adjoint a. agrees with U on underlying
objects, i.e. there is a commutative diagram

DAIg” (C)¢ —— DAIg?(C)

iue lucz

O SN

Proof. By definition, the functor a, : DAlg”(C)¢ — DAlg” (C) satisfies that for all B € DAlg” (C)%2
and A € DAIg?(C)¢, there is an equivalence

hOmDAlgU(C) (B, lx* (A)) ~ hOmDAlgﬂ(C)e (Be, A)
Suppose B = LSym{ (M) for some M € C®2. The aforementioned equivalence becomes
hom,.c, (M, U2, (A)) =~ homee (M°, U°A).

Since I, is the right adjoint to (—)¢ : C €2 — C¢, we have shown that the underlying k-module of
w4 (A) is equivalent to ITc, U°A. O

Remark 5.2.16. Given a morphism F: C — D of derived involutive algebra contexts, there is an
induced Cp-functor F': DAIg’ (C) — DAlg’ (D) which strongly preserves Cp-colimits so that the
diagrams

DAlg? (C) —E DAIg?(D) DAlg? (C) —F DAIg’(D)
l l LSymgT TLSym‘{)
c—FLf .p c—rf .p

commute canonically. By Corollary 2.1.14, F/ and F admit right C;-adjoints G’ and G, and commu-
tativity of the right-hand diagram above implies that the diagram

DAlg’(C) N DAIlg’ (D)

e © L
C — D

also commutes. On underlying co-categories, these diagrams recover those of [Rak20, Remark
4.2.25].

Definition 5.2.17. We say that A is a derived involutive bialgebra if A is a dualizable C;-E,-coalgebra
object of DAIg”(C). There is a Cy-co-category of derived involutive bialgebras coAlgDAlg? (C)
whose underlying co-category is the co-category of derived bicommutative bialgebra objects of
[Rak20, Definition 4.2.30].
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If A is a derived involutive bialgebra object, then comodules over A admits a notion of derived
involutive algebra objects.

Construction 5.2.18. Let A be a derived involutive bialgebra object over k. Then because the
forgetful Co-functor DAIg‘T(C ) — C is canonically C;-symmetric monoidal, the argument of [Rak20,
Construction 4.2.32] applies to show the existence of a commutative diagram

coMod 4v LSLm> coMod 4v
C C

of Cy-functors of Cy-co-categories, where we have abbreviated coMod 4, = coMod 4 (C). Note that
taking ‘underlying’ recovers the diagram of [Rak20, Construction 4.2.32].

Suppose that A is moreover dualizable. We write DAlg” (Mod 4) := Mod; sym’ (coMod 4v) and
write DAIg” (Mod 4 ) for its Cp-fixed points. We will refer to these as the (C,-)oo-category of derived
involutive algebra objects of Mod 4.

LSym¢,
_—

Remark 5.2.19. Let F: C — D be a morphism of derived involutive algebra contexts. Let B be a
dualizable C;-E« bialgebra object of C equipped with a lift of BY to a derived involutive bialgebra
object in C. Then F(B) and F(B") ~ F(B)" inherit the same structure in D, and there is an induced
functor Fg: LModg(C) — LModpg) (D). By Remark 5.2.16, there is an induced C,-functor

Fj: DAlg” (LMod,(C)) ~ DAIlg” (coLModyy (C)) — DAIlg” (LModF(B) (D)) ~ DAIg” (coLModF(B)v(D))

making the diagrams

DAlg? (LMod(C)) —— DAlg” (LMod,(C)) DAIlg” (LMod,(C)) —*- DAlg” (LMody(C))
l l LSym” LSym”
LModp(C) ——F—— LModp (D) LMod;(C) ———— LModp ) (D)

commute, where the vertical arrows on the left are forgetful C,-functors.

5.3 Examples

In this section, we discuss the derived involutive algebraic contexts which we will use in the rest of
the paper. Before we discuss the prototypical example (Example 5.3.8), we fix some notation and
include some auxiliary results and definitions needed to show that modules over a fixed point C,-
Mackey functor may be regarded as an derived involutive algebraic context. We discuss filtered and
graded variants on the prototypical example and relate the examples here to their non-equivariant
counterparts. Finally, we include a few examples of objects in these C;-co-categories.

Notation 5.3.1. Throughout this section, k will denote some discrete ring with involution and k
will denote the associated fixed point Green functor of Notation 2.3.5. We will write Modg for the
full Cy-subcategory of Mod; spanned by the free k-modules on finite C-sets. Note that there is an

inclusion Mod} C Mod,?.
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Definition 5.3.2 ((HHR16; Hil12, Definition 2.1]). For each n € Z, let slc>, denote the localizing
subcategory of Mody (Spcz) generated by C; ®y SH~¢ ®g k, where H is a subgroup of Cy, £ -
|H| — e > n,and e = 0, 1. We say that an object X € Mody is slice n-connective if it is in slc>,.

We will write slc., for the full C;-subcategory of Mody on slc>,.

A word of warning: the slice filtration does not agree with the reqular slice filtration of Definition
3.2.20.

Remark 5.3.3. The inclusion slc..,, € Mod, (Spcz) admits a right Cy-adjoint Tgf1 by a similar
argument to Proposition 3.2.2; the key is that slc-. , is closed under C;-coproducts [Hil12, Proposition

slc

2.6]. We will also write 78I for the composite Mod; = sles, € Mody. Let 7€ denote the

: slc
Cy-endofunctor cofib (TZn 1
sle

are canonical natural transformations ¢ — 7€ |. The fiber of the natural transformation

— id) of Mod,. Since there is an inclusion slc>, C slc>,_1, there

Pt = fib(T%lg — 73¢_|) will be called the nth slice. We will abuse notation and also write T%lz for

the composite of T%lf7 with the inclusion slc-.,, € Mod (Spcz) , and likewise for P".

We will mainly be concerned with the case n = 0.

Proposition 5.3.4 ([Hil12, Corollary 2.16]). Let k be the fixed point Co-Mackey functor associated to a
commutative ring k with an involution (Notation 2.3.5). For any M € Mody, the zeroth slice P°M is the

largest quotient of 1ty M on which the restriction map ToyM®2 — 7o M? is injective.
The next corollary follows immediately from Remark 5.3.3 and the preceding proposition.

Corollary 5.3.5. Same assumptions as in Proposition 5.3.4. The functor P° admits a Cy-parametrized
enhancement Mod, — Mod, which we also denote by P°. The underlying component of the parametrized

functor PY is given by .

Lemma 5.3.6. Let k be the fixed point Green functor associated to a commutative ring with an involution.

Then the zeroth slice functor P*: Mody - — Mod$!e=0 is compatible with the Co-symmetric monoidal
structure on Mody . N

Proof. It suffices to check the conditions in [NS22, Remark 2.9.3]. Condition (1) follows from the
same argument as [Lurl?7, Proposition 2.2.1.8]. To verify condition (2), we must show that for any
X € Mod; ~¢ =~ Modje >0, the canonical map X — mpX induces an equivalence PONOX —
PON©2750X. Because the functors P? o N2 and PON©27, preserve sifted colimits as functors
Modje > — Mod{®=, it suffices to show that they agree on Mod{.. Since 71y acts by the iden-

tity on Mody., the result follows. O

Notation 5.3.7. The subcategory of Mod,? on the zero slices will be denoted Modzkzo. We will
similarly write Modzl‘::O for the full C;-subcategory of Mod, on Modilc:o. By Corollary 5.3.5, we

have ModleZO(Cz /e) ~ Modg.

Example 5.3.8. Let C = Mod; be equipped with the Postnikov t-structure (Variant 2.3.12), take
C to be the full Cy-subcategory spanned by the free k-modules on finite Cy-sets, and let C* to be
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the zero slices of Notation 5.3.7 (hence P is the zero slice functor of Corollary 5.3.5). That P is
compatible with the Cy-symmetric monoidal structure on C follows from Lemma 5.3.6. We will
denote DAlg” (Mod, ) by DAng and refer to objects therein as derived involutive k-algebras or derived

involutive algebras/rings when k = Z with the trivial action. Similarly, we will denote the fiber of
DAlg over C;/Ca by DAlgy.

Unraveling Proposition 5.2.14 and Remark 2.1.3, we see how the formalism of parametrized
oo-categories allows us to compare our derived involutive algebras with the (non-equivariant)
derived algebras of [Rak20, Definition 4.2.22].

Remark 5.3.9. The fiber of DAlg% over the Cy-set C, /e may be identified with the ordinary co-
category Mod, 1 symg ) (Modz) ’iTV[OdLSymZ (Modz), where LSym,, is the monad of [Rak20, Ex-

ample 4.3.1], and the map Cp/e — C2/C; of Cy-sets classifies a functor DAlg7, — DAlg;,.
Moreover, there is a colimit-preserving functor (—)°: DAlgy — DAlg;. such that the diagrams

DAng i DAlg,iCz DAlg, i> DAIlg;.
ui lu and LSym"T TLSym
Modk i Modje MOdk — Mode

canonically commute.

Remark 5.3.10. Let ¢ be a discrete ring with an involution, and let £ denote the associated C,-
Mackey functor. Write k := ¢ for the subring of elements which are fixed by the involution.
The assignment M — (M — M ®j £) where M ®y ¢ is given the induced Cp-action promotes to a
functor ®;£: Mody — Mod,. Observe that @£ makes the diagram

MOdk L MOdk

®kﬁl l@kﬁ

Modé L Modﬁ

commute and sends discrete finite free k-modules to free -modules on Cy-sets with trivial action.
Moreover, ®;{ is symmetric monoidal and for any £[S] where C; acts trivially on S, the canonical
map P’Sym, (£[S]) — Poczsymﬁ (£[S]) is an equivalence. It follows that ®; ¢ induces a functor of

w-categorieg DAlg, — DAlgz. The precise argument is similar to Remark 5.2.16, and we leave the

details to the reader. When / has the trivial Co-action (so k©2 = ¢), this functor sends a derived
algebra over / to the constant derived involutive algebra over /.

Variant 5.3.11. Let DAlg["“™ = DAIlg{ X104, Mody >0 and DAng’SlCZO = DAIg} XMod, Modzlczo.

(1) Let DY denote the full subcategory of DAlg] ™" spanned by the objects LSym{ (X) for

Xe Modg. Then DAIg;“°™" is projectively generated by DY, so there is a canonical equiva-

lence DAlg] ™™ ~ pShv* (D).
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onsider the localization PV ody >9 &= Mo B en a , Proposition 4.1.9],
2) C ider the localization P?: M dJ_ —= M dzlc 0 Then by [Rak20, Prop 4.1.9]
there is an equivalence DAng’Sk:0 ~ Modr, (Modilc:o) where Ty = P'LSym”: is the in-

o,8le=0
k
consists of a Tambara functor A so that the restriction map R: A® — A° is injective and the
composite of the restriction with the internal norm is given by squaring, i.e. if 2 € A%, then
n(a®) = a®. In other words, A is cohomological as a Cy-Tambara functor (Definition 2.3.11).

duced monad on Modzlczo. Unravelling definitions, we see that an object A of DAlg

Construction 5.3.12. Let C be a derived involutive algebraic context and consider Gr (C) and Fil (C).
These categories inherit t-structures from C where a graded (resp. filtered) object X* is connective
if and only if each X" is connective. Moreover, by Corollary 3.1.13, they inherit C,-symmetric
monoidal structures from C. Take Gr (C)O (resp. Fil (C)O) to be the full Cp-subcategory on finite
coproducts of ins” (X) for X € C® and let Gr (C)° be the full subcategory on those objects A so that
ev"(A,) = A, € C5, and similarly for Fil (C). These choices allow us to regard Gr (C)" and Fil (C)"
as derived involutive algebraic contexts. We define graded (resp. filtered) derived involutive
algebras of C to be derived involutive algebras in Gr (C )0 (resp. Fil (C )0), which we denote by
GrDAlg” and FilDAIg? (C), respectively. Similarly, we have nonnegatively graded and filtered

variants, which we denote by Gr=’DAlg” and Fil=’DAlg’(C), respectively.

Remark 5.3.13. The C,-functor insp : C — Gr (C) is a morphism of derived involutive algebraic
contexts with right Cp-adjoint evy, whence we have an induced Cy-adjunction insy: DAlg” (C) ¥=
GrDAIg”(C): evy by Remark 5.2.16. Similar statements apply to the functors ins=%: Gr=? (C) —
Gr(C), gr: Fil(C) — Gr(C), and colim: Fil (C) — C in place of insy (compare [Rak20, Remark
4.3.6]).

Example 5.3.14. Let C be an derived involutive algebraic context and let Griot) (C) denote the full
Cy-subcategory of Gr=%(C) on those nonnegatively graded objects X so that X, = 0if * # 0,1.
Write ¢ for the inclusion functor. Then Gr{%!} (C) is a Cy-stable subcategory of Gr=Y(C), the slice
filtration on Gr=%(C) restricts to a slice filtration on Gr{®!}(C) so that the inclusion ! preserves
connective objects, and ¢ admits a Cy-left adjoint A which is compatible with the Cp-symmetric
monoidal structure on GrEO(C) in the sense of [NS22, Theorem 2.9.2], and A sends the canonical
compact projective generators of Gr="(C) to the compact projective generators of Gri0}(C). Then

by a similar argument to that of [Rak20, Example 4.3.8], Gri%}(C) is a derived involutive algebra
context and A, : are morphisms of derived involutive algebraic contexts which fit into a localizing

adjunction Gri%}(¢) == Gr=(C). Note in particular that the norm on Gri0(c)is given by
NC (XO, xl) ~ (NC2 (X9, G o (X0 ® X1)> ,

where C; ® — denotes the left adjoint to the restriction functor C©2 — C¢. We will write Gri01} DAIlg?(C)

for the C,-co-category of derived involutive algebras in Gri®!} (C).

We close this section with a few examples of (C2-)objects in the categories introduced earlier in
this section (for instance, in DAng of Example 5.3.8).
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Example 5.3.15. The free derived involutive k-algebra k [x”i”] on the k-module k is given by the
Lewis diagram

k[x]
Res(/ /jTr
k[x]

)

X=X

The restriction map is the identity and the transfer map is multiplication by 2. Note that the norm

map satisfies N(Res(x)) = x2.

Example 5.3.16. The free derived involutive algebra k[x, x,] on the k-module k[C;] is given by the
Lewis diagram

Kt x - x0]/ (ti =t + (xxg)] - ti_j wheni > j)

t;-t; =ty + Z(XXg)l

Res&/ 7Tr

k[x, x]

)

X Xg

The restriction map takes f; + x' + x/. and the transfer map takes f — f + o(f). Note that
klx, x5)'C = @50 k' {x%} and ®2k(x, x5] = T=0k[x, x5]2 = T0k!C2 [xy].

Example 5.3.17. Let A be a finite type R-algebra. Then by Variant (2), there is an involutive algebra
whose underlying Lewis diagram is

A=R[xy,..., x|/ (f1,- ) fm)

Res g /)Tr

C[xl,..-,xn]/(f1/~--rfm)
|,

ax—ax}

The restriction is induced by the canonical inclusion R — C and the transfer is induced by the
transfer map C — R which sends a — a +a.

Example 5.3.18. Let G be an abelian group. Endow G with the involution given by ¢ — ¢~! and
regard Z as having the trivial involution. Then Z[G] is an involutive algebra, where Z[G]®2 is
given by the group ring on the 2-torsion subgroup of G.

5.4 Filtered and graded derived involutive rings

Recall that, given an [E-algebra A in a category in C and a lax symmetric monoidal functor
F: C — D, F(A) naturally acquires the structure of a E-algebra in D. In particular, given a
t-structure on C which is compatible with the symmetric monoidal structure on C, the filtered object
T>+A naturally acquires the structure of an Ex-algebra in Fil(C). Similarly, given a filtration (which
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may or may not come from a t-structure) on a C-symmetric monoidal Cp-co-category C which
is compatible with the Cp-symmetric monoidal structure on C and a Cy-Ec-algebra A in C, the
filtered object 7> A naturally acquires the structure of an Cp-Ex-algebra in Fil(C). Unfortunately
for us, a lax C-symmetric monoidal functor between derived involutive algebraic contexts need not
induce a functor on categories of derived involutive algebras. In particular, T>. A is not necessarily
a filtered derived algebra when A is connective but not truncated.’

We record some results in this section which allow us to endow graded and filtered Z-modules
with derived involutive algebra structures from connectivity considerations alone. They will be used
to define involutive cochain complexes and the (dual) filtered involutive circle later on.

Lemma 5.4.1. Let k < 0and n > 0, and let Z denote the constant Co-Mackey functor at Z. Then
» The fibers of the maps

cz[—k: C2Symy (Z[—k]) — LSymz" (Z[~k])
czcy)[-K : C2Symz (Z[Co][—k]) — LSymZ™ (Z[Co)[—k])

are mk-connective in the Postnikov t-structure on Modg (Variant 2.3.12).
» The aforementioned maps cz_y) and czc,|(— induce isomorphisms on 7ty (—)° and surjections on

nmk(_)cz'
Proof. Follows from the same argument as [Rak20, Lemma 4.5.2]. O
Proposition 5.4.2. Let Z be the constant Cy-Mackey functor valued at Z, regarded as a connective

derived algebra with involution. The graded derived symmetric algebra monad LSymZ : Gr (Modz) —

Gr (Mody) of Variant 5.3.11 preserves the full Co-subcategory Gr=Y (ModZ)>* consisting of those graded
modules X* such that X" ~ 0 forn > 0and X" € 1>, Modk is n-connective in the Postnikov t-structure
on Modg for n < 0.

Proof. The subcategory Gr=° (Mody ) . is closed under colimits, tensor products, and norms, and

has compact projective generators given by finite coproducts of objects C; ® X" Z(n) and X"Z(n).
Now a Z-module X is n-connective if and only if X and X2 are both n-connective if and only if

tC;
X? and X¢<2 are both n-connective. Notice that ®2LSym"™ (M) = =g ((HOM(@’” ) 2) for M €

ModY, that is the functor &2 LSymZ" is degree m on ModY,. Therefore ®©2LSym{;" is m-excisive
on Modg. The result follows from noting that the fiber of the map ®2 0 §: PC2C CoSymy (M) —

®©2LSym;" (M) is connective for M = Z, Z[C;] and the same downward induction argument of
[Rak20, Lemma 4.5.3]. O

Definition 5.4.3. Define an graded involutive commutative algebra monad
CSym?: Gr (slc_g) — Gr (sle_y)

which sends a graded zero-slice over Z to the free Cp-graded-commutative graded cohomological
Tambara functor (compare Remark 3.2.11).

“We thank Arpon Raksit for explaining this point to us.
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Notation 5.4.4. We have a fully faithful embedding

[+] 0
1: Gr=0 (sle_o) — Gr=? (Modg) © — Gr=? (Mody) -

which admits a left Cy-adjoint

o 0
: Gr=? (Mody) ot 2, Grso (Modz)f P Gre0 (sle_y)

where the last functor is the zeroth slice functor pointwise.

Lemma 5.4.5. There is a commutative diagram

Gr=0 (Modz) imi Gr=0 (Mod)

>0+

| |
CSym”
Gr=0 (sle_g) — 2 Gr=" (sle_)

>0+

of Cyp-co-cateqories, where LSym" is the restriction of the free graded derived involutive algebra from
Proposition 5.4.2, 1t is from Notation 5.4.4, and CSym? is the functor of Definition 5.4.3.

Proof. For each M € Gr=" (Modz) -0~ there is a unit map M — LSymy (M) which induces a map
(M) — nLSymZ,(M). Since 7 is Cp-symmetric monoidal with respect to the Koszul C,-symmetric
monoidal structure on the target'’, the Cy-Ec-algebra structure on LSym% (M) induces a natural
graded C;-commutative algebra structure on 7LSym?, (M), hence there is a canonical map

e CSym (n(M)) — 7 (LSym%(M)) . (5.4.6)

Since the functors preserve sifted colimits and send direct sums to tensor products, it suffices
to show that (5.4.6) is an equivalence for M = Z[—k]|(k) and Z[Cy][—k](k). The result follows
from Lemma 5.4.1, combined with the fact that, given two n-connective Z-modules X,Y and a
map f: X — Y so that m,, f¢: 7,X° = 7,Y¢ is an isomorphism and 7, fCZ: X2 = 1, Y is
surjective, then P (rr,X — 7,Y) is an isomorphism. O

Proposition 5.4.7. The adjunction 1 4 7 of Notation 5.4.4 induces an equivalence between the Cp-oo-
categories

» The full Cy-subcategory of Grgo%lgz on those graded derived involutive algebras A such that A"
has (Mackey functor) homotopy groups concentrated in degree —n for all n < 0 and the restriction
map on rt_, A" is injective.

» The full Co-subcategory of Cz]EooAilgGrSO (LMZ) o spanned by those ordinary graded Co-Tambara
functors B such that B" ~ 0 for n > 0 and the restriction map on each B, n < 0 is injective.

Proof. Using the result of Lemma 5.4.5, the result follows from the same argument as in [Rak20,
Proposition 4.5.6]. O

19This is no longer true if we replace P71ty by .
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Lemma 5.4.8. Let Z be the constant Cy-Mackey functor at Z. The filtered derived symmetric algebra
monad LSym=*: Fil (Mod) — Fil (Mody) of Construction 5.3.12 preserves the full Co-subcategory
Fil=" (Mody) ., consisting of those filtered modules X* such that X" ~ 0 forn > Oand X" € 129 Modz
is n-connective with respect to the Postnikov t-structure on Modg (Variant 2.3.12) for n < 0.

Proof. Similar to proof of Proposition 5.4.2. O

Lemma 5.4.9. Let Z be the constant Co-Mackey functor at Z.. There is a commutative diagram of Cy-oo-
categories

colim Mod % 0

LSym” lLSym‘T

colim Mod %0

where Fil=* (Mody () o denotes those filtered Z-modules M= such that M" =~ 0 for n > 0 and M" is
n-connective and (0-)coconnective for all n < 0.

Its proof is similar to that of Lemma 5.4.5, so we omit it.

Proposition 5.4.10. Let Z be the constant Co-Mackey functor at Z. Then the Postnikov filtration func-
tor T%: Mody — Fil (Mody) induces a fully faithful embedding DAlgZ" — FilDAlg? where

DAng“’n denotes the full Co-subcategory on those derived involutive algebras whose underlying Z-module
is coconnective.

Proof. Note that because the t-structure on Modz is right-complete (Lemma 2.2.18), 7> is fully
faithful. By Lemma 5.4.9, we have an equivalence colim cLSym” o 7>, ~ LSym" of C;-endofunctors
on Miodéo. Then [Rak20, Proposition 4.1.9] implies there is a localizing adjunction on categories of
modules over the respective monads. O

6 Involutive cohomological invariants

In this section, we introduce involutive enhancements of the cotangent complex and de Rham
complex for the involutive algebras defined in §5.

We construct the involutive cotangent complex in much the same way as its classical counterpart:
as the Cy-left adjoint to a square-zero extension functor. However, we remark that in pivoting from
E-algebras to Cp-Ec-algebras, we should regard such a functor as associating to a pair (A, M) an
square- and norm-zero Cr-[E, A-algebra with underlying object A & M, and likewise for ordinary
derived algebras and derived involutive algebras

The ordinary derived de Rham complex is characterized by the structure present on it: ]LQ;‘ s
the initial & -differential graded derived commutative k-algebra under A. The involutive (derived)
de Rham complex ]LQ‘i';k is similarly characterized by a universal property: To define L)Y ,, we
specify the type of structure it should have. Non-equivariantly, one typically starts by defining
differential graded objects, then introducing differential graded algebras. Here, the involutive
enhancement of differential graded objects is not differential graded objects in k-modules as one
might expect: In [SV96, §2], Solotar—Vigué-Poirrier show that given an algebra A with an involution
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w, its de Rham complex naturally acquires the structure of a dg module so that the differential d is
antilinear with respect to the involution; that is, dw = —wd. Thus, the appropriate enhancement of
h -differential graded objects for our purposes are the 1 -differential graded objects of Definition
6.2.4. Our hY -dg objects still have a relationship to complete filtered objects, albeit with a twist (see
Proposition 6.2.11, which the interested reader may contrast with [Rak20, Remark 5.1.12]).

Remark 6.0.1. An essential feature of the ordinary (derived) de Rham complex ILQ)}, ; is that
the individual terms appearing in it can be expressed as shifts of higher exterior powers of the
cotangent complex IL4 (cf. [Rak20, Theorem 5.3.6]). In this context, we expect a corresponding
involutive enhancement of such a statement. However, in attempting to prove such a statement,
we quickly find ourselves straying from the goal of this work. Thus, we set this question aside for
the moment and hope to return to it in future work.

6.1 The involutive cotangent complex

In this subsection, we introduce a definition of involutive cotangent complexes for derived involu-
tive algebras.

We show that the involutive cotangent complex of a derived involutive ring is a genuine
equivariant enhancement of the ordinary cotangent complex considered in [Rak20, §4.4]. We show
that the involutive cotangent complex is computable like its classical counterpart; the reader who
wishes to get a feel for computational aspects of the involutive cotangent complex is invited to
proceed directly to Example 6.1.11.

Throughout this section, we will work with a derived involutive algebraic context C equipped
with a fixed map of derived involutive algebraic contexts Mod, — C (see Example 5.3.8).

Notation 6.1.1. Let C[E«AlgMod(C) denote the C;-oo-category whose O?:E—objects consist of pairs
(A, M) where A is a Cy-Ex-algebra in C and M is an A-module in C. Write

DAlg” Mod(C) := DAIg”(C) X | CrEsAlgMod(C) .

EeAly

If A is a derived involutive algebra object of C, write DAlg” Mod 4= DAlg” Mod(C)(,0)/

Proposition 6.1.2.  (a) There is an equivalence of Cy-oo-categories between Gr{o'l}CzEmL@(C ) and
C2EoAlg Mod(C) which commutes with the forgetful functors to Griot (¢,

(b) There is an equivalence of Cy-oo-categories between Gr{o’l}DAlg” (C) of Example 5.3.14 and DAlg” Mod (C)
which commutes with the forgetful functors to Gri®} (C).

Proof. To prove part (a), we proceed as in the proof of [Rak20, Lemma 4.4.2]. We first regard
Gr{o'l}CzlEooAilg(C) as a subcategory of GrZOCZ]EOOAilg(C). Now GrZOCzﬁng(C) can be identi-

G/C
fied with the co-category of lax Cy-symmetric monoidal functors Z‘SZO — C. Then0 € (Z(Szo) e

G/G
has a unique Cp-commutative algebra structure, and 1 € (Z‘;O) has a unique module struc-

ture over 0. Thus there is an induced C)-functor «: Gr{o'l}CﬂEooAilg(C ) = CEcAlgMod(C).
The result follows from observing that &« commutes with the respective forgetful C-functors to
C2EwAlg(C) and appealing to the Barr-Beck-Lurie theorem pointwise [Lurl7, Corollary 4.7.3.16].
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To prove part (b), notice that Remark 5.3.13 and the argument of [Rak20, Lemma 4.4.3] furnish a
Cy-functor o’ : Gri®'DAIg?(C) — DAlg” Mod(C) making the following diagram commute

Gri0UDAIg? (C) — % DAIg” Mod(C)

Grio} ()

Now we show that the functors G, G’ admit left C;-adjoints F, F’ respectively. The functors G,
G’ evidently admit fiberwise left adjoints whose values on the fiber over C;/C; are given by
F= LSymér{Ull}(C) and F/(X%, X') = (LSymZ(X?), LSym{(X°) ® X!). The functors F, F promote
to left C-adjoints by Corollary 2.1.13; the functors G and G’ evidently commute with C-products.
Moreover, both C-adjunctions are fiberwise monadic, the former by definition. Unravelling the

definition of LSym” on Gri0t} (C), we see that the canonical map &’ o F — F’ is an equivalence,
hence &’ is an equivalence by [Lur17, Corollary 4.7.3.16]. O

Notation 6.1.3. Let DY, D € GrDAlnglczO denote the graded Cp-cohomological Tambara func-
tors with underlying objects given by D" := 1 & 1(—1) and D¢, := 1 ® 1[C](—1). By Variant
5.3.11.(2) and Construction 5.3.12, there is a canonical embedding GrDAlg%*=" — GrDAlg5, so
we naturally regard D" and D%, as objects of GrDAlgy. B B

Remark 6.1.4. Writing U for the forgetful C,-functor DAlg” Mod(C) — DAIg?(C), U: (A, M) — A,

the unit 1 — DV and counit DY — 1 induce natural transformations7: U — G and e: G — U so
that € o 7 ~ id. Similar statements hold for the forgetful C,-functor U: DAlg” Mod 4 DAlg‘Z.

Construction 6.1.5. Then the square-zero and norm-zero extension functor is given by the Cp-functor
G: DAlg" Mod(C) ~ Gri®'DAIg" (C) — DAIg” (C)
(A, M) — evo((A,M)®DY),

where we have used the equivalence of Proposition 6.1.2(b). Furthermore, G induces a C-functor
G: DAlg” Mod 4 DAng.

Definition 6.1.6. (cf. [Rak20, Definition 4.4.7]) Let A € DAIlg”(C) and let B € DAlgj ,(C) and
M € Modg(C). An A-linear derivation of B into M is a morphism of derived involutive algebras
8: B— B@® Min DAIg’(C) 4, /5. We may abuse notation by identifying a derivation J§ with the
map of A-modules d: B — M obtained by post-composing ¢ with the projection B & M — M.

Proposition 6.1.7. The square-zero extension functor G: DAlg” Mod 4 DAlg‘z of Construction 6.1.5

admits a left Cy-adjoint IL. On underlying oco-categories, this recovers the adjunction of [Rak20, Proposition
4.4.8].

Proof. Observe that Cy-oo-categories DAlg‘Z1 and DAlg” Mod 4 admit finite C-products; we will
write [ [, for the right adjoints to both restriction functors. By Corollary 2.1.13, it suffices to show
that G admits fiberwise left adjoints and G preserves finite C-products (or equivalently, that the left
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adjoints satisfy a Beck-Chevalley condition). The former is true because G evidently preserves all
limits. To show that G preserves finite Co-products, we must check that the canonical transformation

I1c, -
DAlg,, —— DAlg/,
GT \ TG
DAlgMod 4 T DAlg” Mod 4
C2

is an equivalence. This is true because the forgetful C,-functor DAlg‘j4 — Mod 4 is conservative,
and the transformation is evidently an equivalence on underlying objects. O

Definition 6.1.8. Let A € DAIg?(C), let B be an involutive A-algebra. By Remark 6.1.4, there is a
unique B-module L, 4 equipped with an equivalence L(B) =~ (B,LLg, 4) in DAlg” Mod 4, where
L is the left Cy-adjoint of Proposition 6.1.7. We will refer to L, 4 as the involutive cotangent complex
of B over A.

The unit of the adjunction equips ILg, 4 with a universal A-linear derivationd: B — LLg, 4.

Remark 6.1.9. Given a pushout diagram in DAIg”(C)

Al —— A

]

B —— B,

the universal property of the involutive cotangent complex immediately implies that there is a
canonical equivalence of B-modules B ®p/ L/ 4 >~ ILg, 4.

For the remainder of this subsection, we specialize to the derived involutive algebra contexts of
Example 5.3.8.

Remark 6.1.10. Let k be a discrete commutative ring with involution and let k denote the associated
fixed point C,-Green functor. Let DAlg” Mod;°™" denote the full C,-subcategory on those pairs
(A, M) where both A and M are connective. This Cp-co-category is generated under pointwise
sifted colimits and restrictions by the full subcategory DAlg” Mod on those (A, M) where A =
LSym{ (M) for some M € Mod) and M ~ A @y k[U] for some finite Cy-set U. Since the square-
zero extension functor G preser\;es sifted colimits, G|p Alg? Modsom 18 the left derived functor of its

restriction G| Alg? Mod( NOW the restriction G IpAl o7 Mod? takes values in DAng’SlCZO, and it follows

that this restriction agfees with the square-zero extension considered in [Hil17, §3; Str12, §14]. The
notion of square-zero extension, derivation, and cotangent complex in this setting are explored in
the following example.

Example 6.1.11 (Free derived involutive algebras). Consider a free derived involutive k-algebra on
a connective k-module P. Then there is a canonical equivalence of LSym; (P)-modules

Ligyme (p)/k = LSymy (P) @y P.

Let’s unravel two special cases to see how this works. Let (B, M) € DAlg” Mod**~ be arbitrary.
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» Suppose P = k. We want to find a pair IL(k[x]) € DAlg” Mod such that
homp pje0 Mod (L (K[x]), (B, M)) ~ homp e (K[x], B & M)

It follows from the definitions that a morphism of involutive algebra objects ¢: k[x] - B& M
in DAng'SICZ0 is equivalent to the data of a map of involutive algebras 7ty o ¢: k[x] — B2

and the ;mage of 713 0 9©2(x) € M©2. Hence IL(k[x]) ~ (k[x], k[x]{dx}).
» Suppose P = k[Cp]. We want to find a pair L(k[x, x,]) € DAIg” Modj such that

homp g7 vod (L (K[x]), (B, M)) = homp e (k[x, xo], B ® M).

We see that a morphism of ¢: k[x, x,] - B® M in DAng’SlCZ0 determines a diagram

. C2
k[x%, xn]ien 2, B g M©

Res(/ /)Tr ) Res(/ /jTr

k[x, x¢] — 7 L BaMme
|

X Xg

in which certain squares commute; in particular,

92 (xp) = 92 (Te(x")) = Tr(g* (x")) = Tr(f (x)" + ngf (x)" p5(x)).

Since xx, is in the image of HOLSymz(k[x, Xo) W2 k[x, xg]c2, we deduce that the image of
¢(xx,) is determined by the commutativity of the following diagram

mtoLSym? (k[x, x,])"2 —— myLSym? (B¢ @ M®)"C2

| |

k[x, xs]|<2 ¢ B2 ¢ M©2 .

In particular, since the restriction map B© & M — B® & M is injective, we have (pg 2(xn) =
Tr(¢5 (x)95(xs)). Hence the data of ¢ is determined by a map of rings k[x,x,] — B and
¢5(x) € M. Hence we see that IL(k[x, xs]) ~ (k[x,x¢], k[x, x;] ® C2) where we identify
Cy ~ {dx,dx,}.

Example 6.1.12 (Hyperelliptic involutions). Let f(x) be a polynomial with C coefficients and
consider the algebra C[x,y]/ (y> — f(x)) with the involution which sends y to —y and acts by the
identity on C and x. Let us regard C[x,y]/ (y*> — f(x)) as the underlying algebra with Cy-action
of a Co-Green functor A over the constant C,-Green functor C. Now there is a pushout square in
DAlg:

w] —— Cly, Yo, %]

Clz,
| o
C

— Clx,yl/(v* — f(x))
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where C; acts trivially on z, w, x and permutes y and y,. The morphisms satisfy ¢(z) = y + yo,
¢(w) = —yyor — f(x) and ¥(y) = y, Y(x) = x. Since DAlge Mod — DAlg¢ is a cocartesian
fibration and the cocartesian pushforward maps preserve colimits (of modules), the involutive
cotangent complex of A = C[x,y]/(y*> — f(x)) is determined by the cofiber sequence

dz—dy+dyy

A{dz, dw} A{dy,dyy,dx} —— Ly c

dw——ydye—yody— f'(x)dx

of A-modules. In particular, its Lewis diagram is

Clx]/ f(x){dx}/ (f'(x)dx)

el ]

Clx,yl/ (y* — f(x){dx,dy}/ (2ydy — f'(x)dx)
)

where C; acts trivially on dx and by multiplication by —1 on dy.

6.2 Involutive derived de Rham complex

In this section, we will introduce involutive enhancements of the derived de Rham complex and
de Rham cohomology. We begin with equivariant analogues of differential graded objects. Recall
that non-equivariantly, a h+-dg structure on a graded object X, encodes differentials of the form
Xi[£1] — Xi1 (see [Rak20, §5]). While we wish to define equivariant dg objects which specialize
to the non-equivariant notions on underlying objects, in doing so, we must make a choice. For
instance, maps X;[—1] — Xj1 and X;[—0] — X;1 in any Cy-stable C;-co-category both induce
maps X{[~1] — X ; on underlying objects. In this work, we promote h_-dg structures to the
equivariant setting naively (i.e. so that the differentials are of the form X;[—1] — X;,1) and we
promote 1 -dg structures to the equivariant setting with a twist: An h9 -differential graded object
has differentials of the form X;[c] — X;.1. We will define the desired differential graded objects as
modules over certain algebras ID_ and D, which are trivial square- and norm-zero extensions of
Z(0). Next, we show that there is a natural notion of the cohomology of a 1 -differential graded
object. That ID_ and DY are both C;-Ec-bialgebras allows us to (by §4) deﬁne Co-symmetric
monoidal structures on h‘i and h_-differential graded objects and 1 - and h_-differential graded
Cy-Ex-algebras. We will see that D9 has more structure than ID_; its dual may be canonically
regarded as a derived involutive bialgebra. This structure on DY will allow us to define a derived
involutive enhancement of strictly commutative differential graded algebras. The involutive
derived de Rham complex of A over B is defined as the universal involutive k9 -differential graded
B-algebra under A.
We begin by showing that certain graded Z-modules have C,-bialgebra structures.

67



Lemma 6.2.1. Write Z for the constant Co-Mackey functor at Z.. Write Z._ for the Mackey functor

75 =0

Res i jTr

z° =7
|\
m——m
Then there is an equivalence of Z-modules
Y2 ~x'Z_.
In particular, Z_ is a regular (—1)-slice.
We thank Michael Hill for assistance with this aspect of the story.

Proof. Follows from computation of 7r_1T~7 of Proposition 7.1.11. O

Q@

Recall that there are C;-symmetric monoidal structures on the Cy-co-categories Gr (Mody) relice®

Q

so that the truncation functors Gr (Mody) . 0. — Gr (Mody) *\.

(Proposition 3.2.9).

.+ are Cy-symmetric monoidal

Construction 6.2.2. We will construct Cr-Ec-co-Cr-[Ew algebras DY and ID_ in Gr (Modz ) so that
their underlying objects are given by

D) ~ (Z®X7Z(1)) D= (zoz 'zZ(1))

and so that there are equivalences of bicommutative bialgebras (]D‘i)e ~ Dy and (D_)° ~ D_
over Z, where D are the graded bialgebras from [Rak20, Construction 5.1.1].

There are graded Cp-Eco-bialgebras Z[e+] = Z @ Z[e+]/(¢4) in Gr (Modz)?i'ea’(, where ¢ is in
grading degree 11, the comultiplication takes ¢ — ¢ ® 1 — 1 ® £ and the C,-coalgebra structure
takes ¢ — e ® € — 0 ® ¢. Notice that Z[e 1| are in the essential image of the functors of Observation
3.2.8. Now define

D} = (1,2 ])" D_ = (-Z])".

Note that under the (inverse) equivalences of Observation 3.2.8, D% and ID_ have the desired

underlying objects.

Q
rslice™ — Gr (MZ) rslice>0% are lax

Co-symmetric monoidal. By Example 2.2.20, the functors 1+ are C;-symmetric monoidal on the full
Cy-subcategory of Gr (Mody) Zlicei on those graded objects X* so that X" is a free Z-module on a
direct sum of regular slice cells of dimension £n. Therefore, D and ID_ inherit Cy-Ec-co-Co-Eco
bialgebra structures from Z|e].

Finally, the identification of the underlying graded bialgebras over Z follows from noting that
Zle]® agrees with the graded bialgebra Z]e] considered in [Rak20, Construction 5.1.1].

Now, by Proposition 3.2.5, the inclusions ¢+ : Gr (Mody)
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Notation 6.2.3. Let C be a Z-linear C;-stable Cp-presentable Cp-symmetric monoidal Cp-co-category.
The unique Co-symmetric monoidal C;-colimit-preserving Cp-functor Mod — C induces a C;-

symmetric monoidal Cp-functor Gr (Mod;) — Gr(C), so we may regard D7, D_ as bi-Co-Ee
bialgebra objects of Gr(C).

We now have what we need to introduce the involutive enhancements of cochain complexes in
which the differential anti-commutes with the Cy-action.

Definition 6.2.4. Let C be a Z-linear C;-stable Cy-presentable Cp-symmetric monoidal Cp-oo-
category. The Cy-co-category of h - (resp. h_-)differential graded objects of C with involution is given
by

DG () = Modpy, (Gr(C))
DG_(¢) = Modp, (Gr(C)).

By Proposition 6.2.8 and Variant 4.1.22, DG’ (C) and DG_ (C) are Cy-symmetric monoidal C,-co-
categories.

Remark 6.2.5. Consider the derived involutive algebraic context of Example 5.3.8 where k = Z. By
Lemma 6.2.1, we can identify (D7")¢ ~ Z®X71Z_1(-1).

Thus informally, an object X of h% cochain complexes/involutive differential graded objects of C
is given by a collection X of Z-modules with Cy-action equipped witha D9 = Z ® Z[c](1)-module
structure on X.. In particular, for each n, there is a map d: 27X, — X1 so thatd o (£7d) = 0.

» Consider the action of d on the underlying graded Z-module (X, )¢. Because the module
structure map DY ® X, — X, is Cr-equivariant with respect to the diagonal action on the
source and the given action on the target, if m € m. Xy and o # e € G,

o(e-m) = (oe)-o(m) = (—¢) - o(m).

In particular, the differential is o-antilinear.

If X¢ consists of Z [%} -modules, then we can canonically write X¢ = X' & X, as the direct

sum of the +1 eigenspaces, and we see that -¢ : X,/ — X, ; and vice versa (cf. [SV96]).
» We may adjoin d to obtain a map X,, — hom(SY, X,,;1). In particular, on homotopy groups, d
induces a map of abelian groups

7(Xi2) = fib (XS, = Xi41)

so that the composite

7 (Xi2) —— b (X3, = XS,
+
m(X53y) ——— mfib (X3, - X))

is zero. Alternatively, we may regard d as inducing maps my X, — my4,X,+1 on RO(Cy)-
graded homotopy groups.
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Remark 6.2.6. We contrast the structure present on X, € DG’ (Gr(Mod,)) with that on Y, €
DG_ (Gr(Mody)): Y« can be regarded as having a differential d which lowers degree (or in other
words, Y is a chain complex), but the differential d commutes with the C,-action. In other words,
the Cy-action on Y, is an action via maps of chain complexes, while the C,-action on X is not an
action via maps of cochain complexes. Thus, we refer to objects of DG (Gr(Mody)) as involutive
cochain complexes, while we refer to objects of DG_ (Gr(Mody)) as chain complexes with involution.

Using the C;-symmetric monoidal structures on DG (C) and DG _ (C), we can formulate notions
of homotopy coherent (19 - or h_-) differential graded C,-E algebras. However, in the 17 setting,
we may define a variant of this algebraic structure (to be thought of as endowed with strictly
commutative multiplication and strictly equivariant norm maps) using additional structure on ID
and the theory of derived involutive algebra of §5.

Observation 6.2.7. Note that D% is dualizable-denote the dual by (ID%)". By Corollary 4.1.31,
(ID%.)Y is a Cp-bicommutative bialgebra.

Proposition 6.2.8. There is a unique Cy-bicommutative derived involutive algebra structure on (D) in
Gr (Mody) promoting its Co-bicommutative bialgebra structure. Moreover, under (the graded variant of)
the forgetful functor of Remark 5.3.9, the derived algebra structure on ((D%.)")* agrees with that of DY
from [Rak20, Proposition 5.1.7].

Proof. 1t suffices to observe that both Z and Z_ are zero slices, and Z & Z_(—1) admits the
structure of an involutive commutative derived algebra (Definition 5.4.3). The result follows from
Proposition 5.4.7. The second statement follows from the description of the Postnikov filtration on
Mody, in Variant 2.3.12. O

Remark 6.2.9. Recall DV, ]Dg2 € GrDAlg% of Notation 6.1.3. Note that there is a canonical identifi-
cation D} ~ 1 XDy, D" in GrDAlgj,.
Definition 6.2.10. Let C be a Z-linear derived involutive algebraic context and let A be a derived
involutive algebra object of C. The Cy-co-category of h -differential graded derived involutive A-algebras
is given by

DG DAIg’, = coMod )« (GrDAIg"(C))

Finally, despite the caveat of Remark 6.2.6, the shear functor of (3.2.14) allows us to relate
involutive cochain complexes with chain complexes with involution.

Proposition 6.2.11. Let C be a Z-linear derived involutive algebraic context.
(1) The functor [—px] of (3.2.14) lifts to a Cy-symmetric monoidal equivalence of Cy-co-categories

Modp. (Gr(C)) =2 Mody, (Gr(C)) with inverse [px].

(2) On underlying spectra, [£px] recovers the equivalences [+2x| of [Rak20, Remark 5.1.12], i.e. there is

a commutative diagram

Modp; (Gr(C))“ Lo, Modyp, (Gr(C))%

~

|- |-

Modp, (Gr(C?)) L2, Modp. (Gr(C?))
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where the horizontal equivalences have inverses [px| and [2x], respectively.
Remark 6.2.12. Compare [Hil12, Corollaries 2.20 and 2.21].

Proof of Proposition 6.2.11. (1) It suffices to observe that the equivalence [—px| takes the bicom-
mutative bialgebra D to the bicommutative bialgebra ID . The statement about the algebra
structures follows from the assertion about the hearts in Proposition 3.2.15.

(2) This follows from the observation that (S¢)¢ ~ S2. O

Given a homotopy coherent cochain complex, we can consider cocycles and coboundaries to
be the orbits and fixed points (resp.) with respect to ID+. Then, we can think of the cohomology of
said cochain complex to be the Tate construction with respect to ID+. The relevant question for our
purposes is: What is the cohomology of an involutive cochain complex in the sense of Definition
6.2.4? However, the question is more subtle due to Remark 6.2.6. Suppose M* is an involutive
cochain complex of Z-Mackey functors, and let us consider the graded abelian group with Cy-action
(M*)¢. In particular, (M")¢ is concentrated in degree 1. Let us define a new graded abelian group
with Cp-action N* as follows: As graded abelian groups, N* = M’ and if £ is odd, allow ¢ # e € C,

_ —1)-
to act on N by M* M M¢ u> M. Otherwise if / is even, then the Cp-action on N* agrees with

the Cy-action on M. The differential on M! induces a differential on N¢; however, the differential

on N is Cy-equivariant. In particular, we can take the cohomology of N in the usual sense, and it is
a graded Z[C;]-module.

Remark 6.2.13. The bi-C,-E«-bialgebras D and ID satisfy the assumptions of Proposition 4.2.2,
so we have a norm map and parametrized Tate construction for objects of LMocl]Dgr (C),LModp, (C).

In particular, we can take wpg = Z[0](1).

Definition 6.2.14. Let C be a Z-linear C;-stable Cp-presentable Cp-symmetric monoidal Cp-oo-
category (see Remark 6.2.3). Let M, € Modpq (C) (resp. M, € Modpe (C)) an involutive h’, (resp.
h_) chain complex in C. Then the cohomology of M is the Tate construction

H*(M) ~ M™% € Gr(C) (resp. H*(M) ~ M'P- ¢ Gr(C)) .

Remark 6.2.15. Suppose that C is a Z-linear C,-symmetric monoidal C,-co-category which is
Co-complete, Co-cocomplete, and fiberwise compactly generated. Then by Proposition 4.2.7, the
functors H*(—): DG_(C) — Gr(C) and DG (C) — Gr(C) are lax C-symmetric monoidal. Given
a Cp-commutative algebra in DG_ (C) or DG (C), its cohomology is canonically a C-commutative
algebra in Gr(C).

We can relate the (co)homology with respect to D4 using the following.

Definition 6.2.16 ([Rak20, Definition 5.2.4]). Suppose that C is a Z-linear C;-symmetric monoidal
C-oo-category which is Cy-complete, C;-cocomplete, and fiberwise compactly generated. Let X €
Modp, (C). Write |X|=* € Fil"(C) denote the image of X under the C,-functor of Proposition 3.1.24.
Let |X| := colim|X|=* € C. Given X € Modpy (C), we define |X|=* = [X[—p*][=* € Fil"(C) and

=*

|X| := colim|X[—p%]||=* € C by transporting their definitions on Mod, (C) along the equivalence

of Proposition 3.2.15. In both cases, we will refer to | X| as the cohomology type of X and | X|=* as the
brutal filtration on the cohomology type of X.
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Proposition 6.2.17. Suppose that C is a Z-linear Cy-symmetric monoidal Cy-co-category which is Cp-
complete, Cy-cocomplete, and fiberwise compactly generated. Let égr: C — Gr(C) denote the diagonal
functor. Then

(a) For X € Mody, (C), there is an equivalence H*(X) =~ dgr (|X])

(b) For X € Modp, (C), there is an equivalence H*(X) =~ dgr (|X|) [0*], where [p*] is the Co-functor
of (3.2.14).

Moreover, the equivalences here recover those of [Rak20, Proposition 5.2.6] on underlying objects X° € C°.

Proof. Part (a) follows immediately from [Rak20, Proposition 5.2.6(a)] and the fiberwise description
of parametrized modules of Corollary A.0.18. Part (b) follows from part (a) and naturality of the
parametrized Tate construction (Remark 4.2.10). O

Now, we show how the aforementioned constructions allow us to define the involutive derived
de Rham complex via a universal property. Moreover, we use the preceding shear equivalence to
define involutive derived de Rham cohomology. For the rest of the section, let us fix a Z-linear
derived involutive algebraic context C and a derived involutive algebra A in DAlIg”(C).

Notation 6.2.18. Let DG‘Z;ZODAlg‘;‘ denote the fiber product DG} DAIg’ X ¢p Alg” GrZODAng

(see Definition 6.2.10); it is a Cy-co-category. We will refer to C,-objects therein as nonnegative
hf -differential graded involutive A-algebras.

Proposition 6.2.19. The composite of the forgetful Co-functor with the evaluation functor

>0 u 0
DG{="DAlg’ — Gr=’DAlg’ =~ DAlg’,

admits a left Co-adjoint. On underlying oo-categories, this recovers the adjunction of [Rak20, Proposition
5.3.2].

Proof. Observe that DG‘LEODAlg‘; and DAIg‘Zl admit finite C;-products which are preserved by

ev? o U. By Corollary 2.1.13, it suffices to show that ev? o U admits fiberwise left adjoints. In view
of Remark 5.3.13, the latter follows from a nearly identical argument to that of [Rak20, Proposition
5.3.2]; we only need note that (D7 )" is dualizable. O

Definition 6.2.20. We will refer to the left C>-adjoint LQ™" , : DAlg’, — DGi’zODAIg‘; of Proposi-
tion 6.2.19 as the involutive derived de Rham complex over A.

Remark 6.2.21. Let B be an involutive A-algebra. Then the involutive de Rham complex is equipped
with a canonical map B — ILQ%’? 4 in DAlg? , which induces a map B — LQO}7 , in GrDAlg’ . Thus,
we will regard ILQj7, as an object of GrDAlg| .

We can relate the involutive derived de Rham complex with the involutive cotangent complex
as follows:
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Theorem 6.2.22. The involutive derived de Rham complex is computed by
.. ,>0
LQS . DAIgZ — DGY DAlg‘;1
B — LSym% (XL, 4 (1))

where ILg, 4 is the involutive cotangent complex of Definition 6.1.8. Moreover, the first differential of the
h? -cochain complex

d: B~LOY), - T L0y, ~ L4

is given by the universal A-linear derivation of B in the sense of Definition 6.1.6.
Corollary 6.2.23. The involutive derived de Rham complex functor is fully faithful.
The involutive de Rham complex lifts the usual de Rham complex in the following sense.

Corollary 6.2.24. Let k be a commutative ring with involution, and let k denote its associated fixed point
Co-Green functor. Let A be a derived involutive k-algebra and write A® for its underlying k-algebra (having
forgotten the Cy-action). Then there are equivalences

(ILQ;';K)E ~ LS

of hy-differential graded derived commutative k-algebras which are natural in A. Here, the right-hand side
denotes the ordinary derived de Rham complex.

The comparison result follows immediately from the definitions and the characterization of the
derived de Rham complex in [Rak20, §5.3]; let us note that such a comparison is facilitated by the
language of Cp-co-categories.

Proof of Theorem 6.2.22. We construct a diagram (6.2.25) of Cy-adjoint pairs (in which the left and
upper arrows are left C;-adjoints) lifting the diagram appearing in the proof of [Rak20, Theorem
5.3.6]. The result follows from an otherwise identical proof strategy to that in loc. cit.: showing the
Co-functor given by tracing from the lower left directly up, then to the right is equivalent to the
Cy-functor from the lower left to the upper right which passes through the center of the diagram.
Let us make the observations:

> The forgetful C-functor U: DG DAlg’ — GrDAlg’ admits a right C;-adjoint V. This claim
follows from Corollary 2.1.13; the restriction functors associated to the map C, — C2/Co
have left adjoints by an argument similar to Proposition 5.2.14. The functor U commutes with
the left adjoints to the restriction functor because the C,-symmetric monoidal structure on
DG (C) is induced by the Cp-Eco-coalgebra structure on D} For B € GrDAlg’, there is a

canonical natural equivalence U(V(B)) ~ B® D% ".
» The natural transformation

evloV s ev’oVo ins{o'l} o ev{o'l}

induced by the unit of the adjunction (ins{01}, ev{01}) is an equivalence because of the
identity ev'V(B) ~ ev’ (B® ]Di’v) ~ B®@® £77B! in C. On underlying co-categories, the
equivalence recovers that of [Rak20, Lemma 5.3.12(b)]. It follows that the outer rectangle of
(6.2.25) consisting of right C;-adjoints commutes.
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» The adjoint pair G, L are the square-zero extension and involutive cotangent complex functors
of Proposition 6.1.7 and Definition 6.1.8. For any (B, M) € Gr{o’l}DAlg‘;, there is a natural

equivalence ev’(V (B, M)) ~ G(B & Q7 M). This follows by a modification of [Rak20, Lemma
5.3.12(c)], in view of Remark 6.2.9. It follows that the lower trapezoid of (6.2.25) consisting of
right adjoints commutes.

» Let & be the equivalence of Proposition 6.1.2. By Corollary 2.1.13, the statement of [Rak20,
Lemma 5.3.11] holds with adjoints replaced by C;-adjoints and F replaced by the Cp-functor
which sends (B, M) — LSym{$(M(1)). Therefore, the right triangle of (6.2.25) commutes.

i a>0
>0 s u
DG?*’DAlg, ~—— DG{DAlg,

o
- GrDAlg’,

ins=0 | |ev20

5o LSym”
LQ™, | |evo DAlg”Mod , ? DAlg"Mod , ——— GrZODAlg‘;

—/A
L ~
/ f\{} w0}
G

DAIg) « DGT=DAlg , . Gr="DAlg" GrlODAIg"

(6.2.25)

Since the diagram of right Cp-adjoints in (6.2.25) commutes, the diagram of left Cp-adjoints com-
mutes and we are done.

The description of the map B — ILQ‘;’} 4 as the universal A-linear derivation (of involutive

rings) follows from a C-analogue of the argument appearing in [Rak20, Theorem 5.3.6]; the main

point is that the (6.2.25) is a parametrized enhancement of the diagram appearing there. O

ms

Definition 6.2.26. Let B be a derived involutive algebra over A. Define the Hodge-filtered Hodge-

|=* is the functor of

>%
completed involutive de Rham cohomology ”ng’/i* = ‘]LQ;;’;' A ’7 where | —

Definition 6.2.16; in words, it is the image of the involutive de Rham complex under the equivalence
of Proposition 3.1.24. In particular, involutive de Rham cohomology defines a Cp-functor

TdRM7r: DAIlg’ — E.,Alg (Fil" (Mod,)) -

Define the Hodge-completed involutive de Rham cohomology to be the colimit “dR_ /4 := colim, 7 dRﬁ’/ZX.
This defines a Co-functor DAIg’, — EAlg (Mod).

The next comparison result follows immediately from the definitions of (filtered) involutive
derived de Rham cohomology and the descriptions of the non-equivariant counterparts in [Rak20,
§5.3]. However, let us remark that such a comparison is straightforward precisely because we use the
language of Cp-co-categories.

Proposition 6.2.27. Let k be a commutative ring with involution, and let k denote its associated fixed point
Cy-Green functor. Let A be a derived involutive k-algebra and write A° for its underlying k-algebra (having
forgotten the Cy-action). Then there are equivalences

e
(Ung’/ZK*) ~ ng’tZ/Z (UdRA /K) ¢~ dRAe /k
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of complete filtered Eoo-k-algebras and Eo.-k-algebras, respectively which are natural in A. Here, the right-
hand sides denote the ordinary (i.e. non-equivariant) Hodge-filtered Hodge-completed derived de Rham
cohomology and de Rham cohomology, respectively.

Remark 6.2.28. Let A be a derived involutive algebra over k. The object ”dRQ/Zk* may be regarded
as an [E-algebra in complete filtered k-modules in C;-spectra, and “dR_ /; may be regarded as
an [Ec-k-algebra in C;-spectra. Assuming the conjecture of Remark 3.1.25, we may replace E«, by
(C2-Ew in the previous sentence.

7 Real Hochschild homology

Let R be a smooth Z-algebra. In their original work, Hochschild-Kostant-Rosenberg computed
the homology of the cyclic bar complex H, (BY°R) and showed that it is isomorphic (as a graded
abelian group) to de Rham complex of R over Z [HKR62]. Since the homology of a Z-module is
the associated graded of the Postnikov filtration on it, that the filtration is functorial in R follows
a posteriori from this computation. The Hochschild homology has an action of S!, and since the
Postnikov filtration is lax symmetric monoidal, filggr HH(R /Z) admits an action of T>.Z[S!].

In more recent work, Raksit formulates an elegant universal property for Hochschild homology
incorporating all of the structure present on HH-its S!-action, algebra structure, and filtration—
and also specifying how they interact [Rak20]. Raksit identifies a canonical derived bicomutative
bialgebra structure on the filtered Z-module TZ*ZS ! , and uses the presence of this structure to define
a functor HHg(—/Z): DAlg, — Fﬂ;ODAng which interpolates between ordinary Hochschild
homology and the derived de Rham complex. In particular, the identification of the filtration on
the underlying object of HHg; with the Postnikov filtration happens a posteriori, as T>. does not
preserve derived algebra structures except in special cases ([Rak20, Remark 6.1.11]). Beyond giving
a functorial description of filtered Hochschild homology, this method is remarkably robust: Raksit’s
result applies when Z — R are replaced by A — B where A, B are arbitrary derived algebras.

The robustness of the filtered circle approach to the HKR-theorem extends to the involutive
setting. As Hornbostel-Park have already observed in [HP23], a HKR-style filtration on the real
Hochschild homology of constant C,-Green functors associated to commutative rings does not arise
[directly] from an existing well-known filtration on Modgz. The situation is even murkier when
one considers the real Hochschild homology of a Cp-Tambara functor on which the Cy-action is
nontrivial (see Corollary 7.4.2). We sidestep the question of which filtration on Modz is the ‘correct’
one by instead studying the notion of a filtered involutive circle action. Informally, we may regard a
filtered S-action as a filtered S'-action (in the sense of [Rak20, §6]) with a twist, i.e. the circle action
simultaneously increases the filtration degree and sends a Z[C;|-module Mto M ® Z._.

In §7.1, we introduce real Hochschild homology and discuss the involutive circle S” which
acts on it. Adopting the strategy of Raksit outlined above, we show that TZ*ZSU admits the

structure of a derived bicommutative bialgebra refining that on 75" In §7.2, we use the notion of
filtered involutive circle actions of the previous subsection to define a filtered enhancement of real
Hochschild homology and prove Theorem 1.2.1. In §7.3, we consider whether our constructions
allow us to identify filtrations on real negative cyclic homology, real cyclic homology, and real
periodic cyclic homology. In §7.4, we include a few computations of filtrations on HR(—/k) of free
derived involutive algebras and discuss relationships between our work and classical work when 2
acts invertibly on the base.
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7.1 The involutive filtered circle

Throughout this section, we will work with a fixed derived involutive algebraic context C and a
derived involutive algebra object A of C.

Definition 7.1.1. The category of derived involutive A-algebras with S”-action is the Cp-co-category
Fung, (BS?, DAIg’ ) (Proposition 2.1.8).

A choice of basepoint * — BS” induces a C>-functor g: Func, (BS‘T, DAlg‘;) — DAlg‘;.
Lemma 7.1.2. The functor g admits a left C-adjoint
o a g
DAIg’, — Fun, (Bs ,DAlg A) .

Proof. Follows from [Sha23, Corollary 9.18 & Theorem 10.5] and Proposition 5.2.14. O

Definition 7.1.3. We will denote the left Cp-adjoint of Lemma 7.1.2 by HR(—/A). If B is a derived
involutive A-algebra, we will refer to HR(B/ A) refer to it as real Hochschild homology of B over A, or
simply real Hochschild homology of B when A is understood.

Proposition 7.1.4. The composite of the forgetful functor and real Hochschild homology is computed on
underlying objects by a parametrized colimit over S” (Example 2.2.2)

goHR(B/A) ~ B®45",

Proof. Recall the existence of a fiber sequence of Cp-spaces S7 — ES” ~ {x} 1 Bse. By [Sha23,
Theorem 10.5, also see Remark 5.4], the left adjoint to g is given by C;-left Kan extension along the
morphism #. By [Sha23, Remark 10.2], the criterion that a diagram be a C,-left Kan extension may
be checked pointwise, i.e. after pulling back along a basepoint * — BS” (since BSY is connected).
The result follows from the description of Cp-colimits in (the Cy-co-category of) Co-Ew-algebras in
[NS22, Corollary 5.3.8]. O

Remark 7.1.5. » Let k be a discrete ring with an involution, and let A € DAlgj. The real
topological Hochschild homology of (the underlying C,-E-algebra of) A as defined in
Dotto—-Moi-Patchkoria—Reeh by [Dot+21, Corollary 2.12] is given by THR(A) := A®% =
AR C A.

N;2A
Since A ®, ¢, , A ~ THR(A/S) @rurk/s) k, we see that HR(—/k) is a linearization of THR.

» Since (—)¢ is symmetric monoidal, we see that
HR(A/k)® = (THR(A/S) ®mpre/s) k)° = THH(A/S%) @y e g0y K = HH(A/K).

In particular, real Hochschild homology is an enhancement of Hochschild homology.
» This agrees with the definition of real Hochschild homology in [SV96].

Next, we show that a Z-module with an $7-action is equivalently a module over the Cy-group
ring Z[S7].
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Notation 7.1.6. We let T denote the Cp-group ring Z[S”], i.e. the image of S” under the unique
Co-colimit-preserving Cp-symmetric monoidal functor Spcc2 — Mody. Then the C;-commutative

monoid structure on S” induces a bicommutative C,-bialgebra structure on T.

Furthermore, TY is dualizable with dual T?"Y. We may also describe T as the image of S”
under the unique C;-limit preserving C,-functor z): Spc>VoP — Mody, sending C,/C, to Z. By
Proposition 4.1.30, the Cp-E, bialgebra structure on T7 induces a Cy-[E, bialgebra structure on
TV,

Lemma 7.1.7. There is a canonical derived involutive bialgebra structure on T%V promoting its Co-Eeo
bialgebra structure, and the derived bicommutative bialgebra structure on T" of [Rak20, Cons. 6.1.2].

Proof. We may also describe T? as the image of S” under the finite-Cy-limit-preserving C,-
symmetric monoidal functor Z(*) : %CZ'VOP — DAlg;. This description lifts along the forgetful

Cy-functor DAlg% — CzlEooAing, so we are done. O

Proposition 7.1.8. Let C be an derived involutive algebraic context and let A be an derived involutive
algebra in C. Then there is an equivalence of Cy-oo-categories

Func, (BS", DAlg;) ~ coMod v DAlg?,,

where TV is the derived involutive bialgebra of Lemma 7.1.7 and the Cy-co-category on the right-hand
side is from Construction 5.2.18. On underlying oo-categories, this equivalence recovers the equivalence of
[Rak20, Remark 6.1.3].

Proof. Since DAlg‘;\ admits finite Cy-coproducts (Proposition 5.2.14), it acquires a distributive C,-
cocartesian Co-symmetric monoidal structure [N522, Example 2.4.1]. In other words, DAng lifts to

an object of Alg c (Gat%). Similarly, by [NS22, Corollary 6.0.12], Fun, (BS‘T , Spccz> acquires a
8¢, il g

. . . . v
Ca-symmetric monoidal structure because it is a C; presheaf category. Finally, Fun, (B 57,DAlg A)
acquires a Cp-cocartesian Cp-symmetric monoidal structure from [NS22, Corollary 9.18].

By Theorem 11.5 of [Sha23], the constant Co-functor (BS”)"*? — coMod v DAlg’ induces a
Cy-colimit preserving functor F: Fun (BS", %CZ) — coMode,v DAng. The map of C;-monoids

S” — {*} induces a map of derived involutive bicommutative bialgebras A — TV This, in turn,
induces a C-colimit preserving Cp-functor G: DAlg‘; — coMod-e,v DAIgZ.

Now by [NS22, Theorem 5.1.4(3)], Alg Cz (Gat(@;z) has coproducts, hence the Cp-colimit-preserving

functors F and G induce a C-functor a: Fun (B s7, %Q) ® DAng — coMode,v DAlg; making
the diagram

Fun (BS?,Spc ) @ DAIlg’,

—

commute. Noticing that each of the forgetful functors is fiberwise monadic such that f takes free
algebras to free algebras, by the Barr—Beck-Lurie theorem [Lur17, Corollary 4.7.3.16] we conclude
that f is an equivalence. O

coMod .,y DAIg"

DAIg",
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Construction 7.1.9. We set T;" := t29'T 7 € Fil (Modyg) for the dual Z-linear filtered involutive

circle using the Postnikov filtration of Recollection 2.2.17. We set T¢, = (Tgi\/) ¥ for the Z-linear
filtered involutive circle.

Observation 7.1.10. There is an equivalence t8licez5" ~ tPostz5” of filtered Z-modules. This
follows from Example 2.2.20 and Proposition 7.1.11. B

Proposition 7.1.11. The graded pieces of Tg’lv are given by

g 'TH' =272, g'Ty' =2,

and gr"T{;" = 0 otherwise.

Proof. Dualizing the exact sequence Z[Cy] — Z? — T gives an exact sequence T7" — Z%2 i>
Z]Cy), since Z and Z[C,]| are self-dual. The morphism f induces, on Mackey functor homotopy
groups 71

zZao Z(l,O),(O,l)»—)e-ﬁ-UZ{e n 0_}

Res(/ /jTr Res(/ /jTr

Za7 (1,0),(0,1)—~e+o Z{e, 0_}

Since Z and Z[C,] are discrete, the kernel of 71, f is 1y T?"V ~ Z and the cokernel is t_T%V ~ Z_
(see Lemma 6.2.1). O

Corollary 7.1.12. The filtered object Tgiv is dualizable, and its dual T¢, satisfies colim Tg, ~ T’.

Proof. By Proposition 7.1.11, T{" is an extension of an invertible object in Fil (Modz) by another
invertible object. Dualizability follows from the fact that dualizable objects in a stable co-category
are stable under finite limits and colimits. The identification of the colimit of T, is a straightforward
computation. O

Proposition 7.1.13. (1) There exists a canonical Cy-IEco-bialgebra structure on Tgiv promoting the
Co-Eco-bialgebra structure on TV .

(2) There exists a unique derived involutive bialgebra structure on Tgiv promoting its Co-Eeo-binlgebra
structure.

(3) Under the forgetful functor of Remark 5.3.9, we have canonical identifications (TV)¢ ~ TV of
derived bicommutative bialgebras over Z and (Tgiv)e = T, of bicommutative bialgebras in filtered
Z-modules, where TV and T}, are from [Rak20, Theorem 6.1.6].

Proof. (1) Because the regular slice filtration functor is lax Cp-symmetric monoidal (Proposition

3.2.21), Tgiv naturally inherits a Cp-Eq algebra structure from T%V. In fact, the functor

rslice

islice g strict Cp-symmetric monoidal on tensor powers of Z5° by Example 2.2.20. Then

Tg'lv inherits a Cp-Eco-bialgebra from TV structure via Corollary 4.1.31. Uniqueness of this

Cy-Eo-algebra structure follows from, Corollary 3.2.23, which implies that Tgs}fce

faithful.

is fully
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(2) By Observation 7.1.10, there is an equivalence t58lic¢Z5" ~ tPostz5" [t suffices to observe
that T‘ffiiv is in the essential image of the functor L%t of Proposition 5.4.10.

(3) The first statement follows from the fact that the underlying diagram of a parametrized
(co)limit diagram is an ordinary (co)limit, and that the functor Modz — Modz is symmetric
monoidal, hence it preserves duals. The second statement follows from the description of the
regular slice filtration (see Lemma 2.2.24). O

Remark 7.1.14. Note the use of two different filtrations on the C;-oo-category Mod in the proof of
Proposition 7.1.13. We use the Postnikov filtration to show that T‘ffiiv admits a(n involutive) derived

algebra structure, while the C-[E, bialgebra structure on Tg'lv follows from how the reqular slice
filtration interacts nicely with the cell structure on TV,

Notation 7.1.15. Let C be a Z-linear Cy-stable Cp-presentable Cp-symmetric monoidal Cp-co-category.
The structure map Mod; — C induces a Co-symmetric monoidal functor Fil (Mod) — Fil (C),
hence we may regard T, and Tgiv as dualizable C;-E-bialgebras in Fil(C).

Now suppose C is additionally equipped with the structure of a derived involutive algebraic

context. Then by Proposition 7.1.13(2), we may regard T‘ffiiv as a derived involutive bialgebra in
Fil(C).

Definition 7.1.16. Write Filge (Mod 4) := Modyo (Fil(Mod 4)) and call this the C,-co-category of

filtered A-modules with filtered S7-action.
By Variant 4.1.22, we may regard Filgs (Mod 4 ) as a Co-symmetric monoidal C,-co-category. We
will call Cp-Ew-algebra objects therein filtered Cy-IEco-A-algebras with filtered S”-action.

We are allowed to make the following definition by Proposition 7.1.13(2) and Construction
5.2.18.

Definition 7.1.17. Write FilsuDAlg’; for the Cy-oo-category coModT?ﬂv (Fil <DA1gZ) ) ,and let us
call C;-objects of this Cy-oo-category filtered derived involutive A-algebras with filtered S”-action.

Remark 7.1.18. Under the C-adjunction colim - ¢ of Recollection 3.1.4, there is a canonical
equivalence of C-[E«-bialgebras colimT§, ~ T7. It follows that there is a C-symmetric monoidal
Cz-adjunction

colim: Modre Fil (Mod 4) #= Fun (BS?,Mod,) : c.

By Proposition 7.1.13(2), since the equivalence colim (T%) ~ T? canonically promotes to one of
derived involutive bialgebras, there is an induced C;-adjunction

colim: Fils-DAlg?, & Fun (BS", DAlg‘;) ~ DAIg” (Mods: (Mod ,)) : c.

Remark 7.1.19. Under the Cy-adjunction gr* - ¢ of (3.1.7), there is an equivalence of C-Eco-
bialgebras gr(T‘fTﬁv) ~ ID%". This induces a Co-symmetric monoidal C;-adjunction
gr: Mody Fil (Mod4) &= Gr(Mod,) : C.

By Proposition 6.2.8, there is an equivalence gr("ﬂ"giv) ~ D" of graded derived involutive bialge-
bras. Hence by Remark 5.2.19, there is an induced C;-adjunction

gr: FilsDAIg?, += DG{DAIg’, ~ DAIlg’ (coMody v (Mod,)) : ¢.
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In words, this asserts that the associated graded of a filtered derived commutative A-algebra with
filtered S7-action is an involutive h -differential graded A-algebra of Definition 6.2.10.

7.2 HKIR-filtered real Hochschild homology

In this section, we show how the results of §7.1 can be used to define a filtration on real Hochschild
homology which recovers the ordinary HKR filtration on underlying Z-modules. To define a
filtration on real Hochschild homology, we replace S?-actions by filtered S”-actions. Let C denote a
fixed derived involutive algebraic context and let A denote a derived involutive algebra in C.

Definition 7.2.1. We define the C,-co-category of nonnegative filtered derived involutive A-algebras
with filtered S”-action to be the pullback

Fil=? DAlg” DAlg', := Filg,, aDAlg” DAlg , *Fipalg, Fil= DAlg

go fil

In the language of Remark 2.1.3, the underlying co-category of Fil= S, fllDAlg‘jq may be identified
with the co-category of nonnegative filtered derived A-algebras with filtered S!-action of [Rak20,

Notation 6.2.3].

Remark 7.2.2. On nonnegative filtered objects X € Fil=%(C), the colimit is computed by |X| ~ evoX.

Proposition 7.2.3. The forgetful Cy-functor Fﬂsv aDAlg’ DAlg), — F11>0DA1g‘7 ev? DAlg admits a left
Co-adjoint. On underlying oo-categories, this recovers the adjunction of [RakZO Proposztzon 6.2.4].

Proof. Similar to the proof of Proposition 6.2.19. O

Definition 7.2.4. Denote the left Cy-adjoint of Proposition 7.2.3 by HRg (—/ A). If B is a derived
involutive A-algebra, we will refer to HRg; (B/ A) as the HKR-filtered real Hochschild homology of B
over A.

Remark 7.2.5. By construction, the underlying filtered derived k‘-algebra with filtered S!-action
associated to HRg; (B/ A) is the HKR-filtered Hochschild homology HHg; (B¢/ A¢) of [Rak20, Defi-
nition 6.2.5].

The following result shows that filtered real Hochschild homology interpolates between real
Hochschild homology and the involutive de Rham complex.

Theorem 7.2.6. Let C denote a fixed derived involutive algebraic context and let A denote a derived
involutive algebra in C. Then there are canonical equivalences

ev’HRy(B/A) ~ HR(B/A)  in Modgs DAlg5
gr*HRg; (B/A) ~ ]LQ‘I;’/A in DG DAlg ,

which are natural in B. On underlying oo-categories, these natural equivalences recover those of [Rak20,
Theorem 6.2.6].
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Proof. We form the following diagram of Cy-adjoint pairs

gr
Fun (st, DAlg‘;) 4>ei0 Fil 2%, DAlg?, =————— DG7*"DAlg’,
4 HR | [ evo . (7.2.7)
HR(—/A) LAY 4
a ev
DAlg’, 0

where the upper left adjoint pair is from Remark 7.1.18, the upper right adjoint pair is from Remark
7.1.19, the left diagonal adjoint pair is that of Definition 7.1.3, and the right diagonal adjoint pair is
from Definition 6.2.20. The right Cy-adjoints commute, from which it follows that the left C;-adjoints
commute. The statement about underlying co-categories follows from the fact that the diagram
(7.2.7) specializes to the diagram considered in [Rak20, Theorem 6.2.6] by definition. O

Proposition 7.2.8. Suppose B = LSym¢, (M) for some A-module M. Then the filtered object HRg(B/ A)
is split.

Proof. In view of Example 6.1.11, Theorem 6.2.22, and Theorem 1.2.1, the result follows from a
similar argument to that of [Rak20, Lemma 6.2.7]. O
7.3 Filtered orbits, fixed points, Tate construction

In this subsection, we apply the constructions of §4 to the setting of filtered S”-actions. When
applied to real Hochschild homology, we will obtain filtrations on negative real cyclic homology,
real cyclic homology, and real periodic cyclic homology.

Observation 7.3.1. Let TY denote the Z-linear involutive circle of Notation 7.1.6. There is an
equivalence of T?-modules 27T ~ T~7. Taking regular slice filtrations on both sides, we obtain
an equivalence of T§-modules Tf; ~ X7Z(1) ® T” promoting the equivalence of [Rak20, Remark
6.3.1].

Thus by Proposition 4.2.2, we may take the parametrized Tate construction with respect to Tg,;.

Definition 7.3.2. Let C denote a fixed derived involutive algebraic context, let A denote a derived
involutive algebra in C, and suppose B is a derived involutive A-algebra. Then we define filtered
real cyclic homology, real negative cyclic homology, and real periodic cyclic homology of B over A to be

HCg(B/A) = HRg (B/A)z  HCy (B/A) = HRg(B/A)Ta  HPg(B/A) = HRy(B/A) T
where HRg; (B/ A) is the filtered real Hochschild homology of A of Definition 7.2.4.

The following is an immediate consequence of working in the parametrized setting.

Proposition 7.3.3. Taking (—)® in Definition 7.3.2 recovers the filtered trace theories in Example 6.3.8 of
[Rak20].
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Lemma 7.3.4. Let C be a Cy-stable Cy-presentable Z-linear Cy-symmetric monoidal Cp-co-category. Then
for X € Filge (C), there are canonical natural equivalences

gr (X ) =~ und (Jgr(X)|=") [o+]
gr (X™) ~ und (|gr(X)|>*) [+
gr (XTi) = 5 (Igr(X)]) [p+]

in Gr(C).

Proof. Since gr is Cp-symmetric monoidal by Proposition 3.1.20, we have canonical natural equiva-
lences - - g .
gr (XT?]) ~ Xpg gr (XTﬁl) ~ xP+ gr (Xﬂrﬁl) ~ x4

The result now follows from Proposition 6.2.17. O

Proposition 7.3.5. Let C be a Z-linear distributive Cy-symmetric monoidal Cp-co-category and let X €
Filgo (C). Then there is a canonical equivalence colim Xyom =~ (colim X))y, and there are canonical maps

colim (XTU’M> — (colim X)TU colim (Xﬂrmﬁl) — (colim X)ﬂrg .
Proof. Follows from Remark 4.2.10. O

Remark 7.3.6. Let k be the fixed point Cp-Green functor associated to a commutative ring with
an involution, and let A be a derived involutive algebra over k. There is a canonical equivalence
colim HC; (A/k) ~ HC(A/k) and there are canonical maps

colim HC; (A/k) — HC (A/k) colim HPg (A /k) — HP(A/k).

7.4 Computations & comparisons

The presentation of the real HKR filtration given here is rather anachronistic—classically, one can
prove the Hochschild-Kostant—Rosenberg theorem by simply computing the homotopy groups
of Hochschild homology on free polynomial algebras, observing that in degree 7, they are given
by differential i-forms (hence one can use the Postnikov filtration), and concluding for smooth
algebras via an étale base change argument. Here we sketch an approach to a ‘real Hochschild-
Kostant-Rosenberg theorem’ in the spirit of [Lod98, §3.2]. Our results show that identifying an
HKR-style filtration on real Hochschild homology is more subtle than in the non-equivariant case.
Furthermore, we show how the theory simplifies when we work over a base on which 2 is invertible,
and provide a dictionary for putting our results in the context of classical results such as [Lod96;
KS88; SV96; Lod87].

Proposition 7.4.1. Let k be the constant Co-Mackey functor associated to a commutative ring and write
N©2 for the relative norm (Definition 2.3.7). Then

1. There is a resolution of k[x] as an N©k[x]-module

T INCkx] 2 NC2k[x] — K[x].

Moreover, the base change along the augmentation dy @y c, K] k(x| is the zero map.
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2. There is a resolution of k[x, x,| as an MCZk[x, Xg|-module

d] dj
27 Nk[x, xo] = Nk[x, xo] ® C; = NOk[x, x0] — k[x, xo].
Moreover, the base change along the augmentation d; ®c, K[x 0] k[x, x| is the zero map for i = 0, 1.

The following corollary is [HP23, Lemma 4.27 & Proposition 4.35].

Corollary 7.4.2. The real Hochschild homology of k|x] and k|x, x| admit complete descending exhaustive
filtrations with associated graded

Y0k [x, x4] ifi=2

Yk[x] ifi=1 fi=
BOHRUL /D) = Sk im0 glHR(k )k = Xl O G FE
0 otherwise k[x, xo] ifi=0

0 otherwise

Remark 7.4.3. When k is endowed with the trivial action, the filtration on HR(k[x]) in Corollary
7.4.2 manifestly agrees with that of [HP23, Lemma 4.27]. We expect the filtration on HR(k[x, x| /k)
from Corollary 7.4.2 to agree with that of Theorem 1.2.1, but defer this to future work.

Proof of Corollary 7.4.2. This follows from [Ari21, Proposition 3.16] and 7.4.1. O

Proof of Proposition 7.4.1. We begin with the first case. Note that N©2k[x] ~ k[x, x,]. Write e: k[x, x;] — k[x]
for the structure map. Observe that we have a map ¢ : k — k[x] represented by the element

x € mok[x]©2. Since the composite k[Cp] — k 2, k[x] factors through ¢, ¢ descends to a map ¢:

klx, xo] —— k[x] cofib(e)
1H>xA 1»—>xT 3A¢
k[C] k 27k

In particular, note that the morphism @ induces
e: miEk ~ Tk ~ k — réfib(e)
11— x—xg.
Taking the desuspension and noting that ¢ is a map of k[x, x,]-modules gives a sequence
Z‘Tﬁlk[x, Xo| — k[x, x/] £ k[x].

A computation on homotopy groups of both underlying and geometric fixed points shows that
this is indeed an exact sequence of Cp-spectra. Finally, the final statement follows from the fact that
e(x —xs) = 0.

Now we address the second case. Write ¢ for the augmentation k[x, X, y, o] =~ N©k[x, x5] —
k[x, xs]. On underlying k-modules, the map ¢ satisfies ¢(x) = x = &(y). The morphism

g k[x, %0, 4, ¥0) @ Co — k[, X0, Y, Yo
1®er (x—v)
1®0— (x¢ —Yo)
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of k[x, x¢,Y,ys]-modules clearly factors through the fiber of e. Now we notice that the morphism
k — k[x, xs,y, o] represented by the element xx, — yy, € k[x, xs, Y, yg]CZ fits into a commutative
diagram

k[x, x0,y,y0] @ C2 LN k[x,xs,y,y0s] — cofib(g)

A~

" mwyﬂ 1
k[C)] k >k

A

where 1 is defined by

P(e) = xpe +yo
(o) = yoe + xo

and the left-hand square commutes because of the identities

XXg = YYo = Xe(x —Y) + Yy (X — Yo)
= Yo(x —y) + x(X¢ — Yo)-

In particular, the morphism nSZ“‘lk ~ k — fib(g) — (k[x, X0, Y, Yo] @ Cp)¢ takes

F(1) = e —0) = xoe +y0 — (yoe +x0) = (x0 — yo)e — (x — Yo

which generates the kernel of 71§g. Since g is a morphism of k[x, x¢, y, y]-modules, i extends to
a morphism 27 k[x, xo, v, o] — k[x, Xs, Y, o] ® Co. Again a computation on homotopy groups
of both underlying and geometric fixed points shows that this is indeed an exact sequence of

Co-spectra. The final statement in the proposition follows from similar considerations as in the
proof of the first half of this proposition. O

Many existing results and computations for real trace theories assume that % € k. We discuss

how the study of Cy-actions simplifies under the assumption that % € k and relate our results to
classical results under these assumptions.

Recollection 7.4.4. Let k be a discrete commutative ring with % € k. Let A be a commutative
ring with involution over k, or a cdga with involution over k. Then the Hochschild complex
BYCA of A admits an involution [Lod98, Proposition 5.2.3; KS88] and the complex splits BY°A ~
BYSt A @ BYS~ A. This splitting induces a splitting of Hochschild homology groups

HH..(A/k) ~ HH} (A/k) ® HH; (A/k)

where the generator ¢ € C, acts by +1 on HH; (A/k) and by —1 on HH; (A/k). Now the
involution on BY¢A lifts to the cyclic bicomplex of A, inducing a splitting of the cyclic bicomplex
and hence a splitting of its homology, the cyclic homology of A over k [Lod98, (5.2.7.1)]

HC.(A/k) ~ HD,(A/k) ®HD.(A/k)

where HD,.(A/k) (HD, (A/k)) is called the (skew) dihedral homology of A over k.
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Lemma 7.4.5. Let X € DB be an object with Cy-action (in an ordinary oo-category D), and suppose
D is stable and idempotent-complete. Assume that % € moEndp(X). Then there is a canonical splitting
X ~ Xt @ X~ in DB so that for all a € 7. X", the generator o of Cy acts by o(a) = a and for all
bemnX ,o(b)=-0.

Moreover, the splitting is natural, i.e. if Y € (DP<2) , then the map f: X — Y decomposes as a direct
sum f=fr & f~ where ft: Xt YV and f~: X~ =Y.

Proof. Since D is assumed to be stable, an idempotent in the homotopy category of D lifts to D
by the proof of Remark 1.2.4.6 (also see Warning 1.2.4.8) of [Lur17], and we do not need to verify
[Lur09, Prop 4.4.5.20]. Note that e := %(1 + 0) is a Cy-equivariant idempotent endomorphism of X.
We define X to be the equalizer of (e, idx). O

Proposition 7.4.6. Let k be a commutative ring with % € k and let A be a connective derived involutive
algebra over k. Then there is an isomorphism of graded abelian groups

7, (HR(A/@Q) ~ HH; (A°/k) (7.4.7)

where the right-hand side is from Recollection 7.4.4.

Proof. Since % € k, k and A are Borel C,-spectra—in particular, their geometric fixed points vanish.

It follows that HR(A /k) is Borel, so we have that HR(A/k)®2 ~ (HR(A/k)E)hC2 ~ HH(A®/k)"<,
The result follows from the observation that when D = Sp in Lemma 7.4.5, the homotopy fixed
points of X satisfy X"©2 ~ (XT)'2 @ (X~)'©2 ~ X+, where (X~)"© = 0 by the homotopy fixed
point spectral sequence. O

Proposition 7.4.8. Let k be a commutative ring with % € kand let A be a connective derived involutive
algebra over k. Then there is an isomorphism

7. (HCR(A/K)2) = HD, (A° /k) (7.4.9)

where the right-hand side is the dihedral homology of Recollection 7.4.4.

Proof. As in the proof of Proposition 7.4.6, our assumptions imply that HCIR(A/k) is a Borel k-
module. Now, we have an equivalence HCR(A /k) ~ HR(A/k);se. Endow the universal complex
line bundle E on CP* with a Cy-equivariant metric. Then the unit disk bundle D(E) includes
into the unit sphere bundle S(E) ~ ES!, and they are classified by Cp-functors f, g: BS” — Spccz,
respectively, and the inclusion S(E) C D(E) is classified by a natural transformation : § = f.
Since colimits commute with each other, there is a cofiber sequence colim g ~ colim f — Th(E) ~
colim(cofib(g — f)) where Th(E) is the Cy-equivariant Thom space. Now let X be a Cp-spectrum

with S7-action classified by a functor BS” X Sp©2. Replacing g by BS” 8x Spc® x Sp© N Sp©
and applying an equivariant Thom isomorphism [CW92, Proposition 2.3], we obtain an exact
sequence X — Xjgo — (XfX),q. Taking X = HR(A/k), this induces an exact sequence of
k-modules

HR(A/k) —— HR(A/k)pse —— (ZPHR(A/K)))g0 -
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Since HCIR(A/k) is Borel, we have an equivalence of exact sequences

HR(A/k)©? —— HR(A/k)S2, —— SPHR(A/k)%2

hS7 hS?

I~ N 4~
e /1\hC e 11\ e 711.\hCo
HH(A®/k)"> —— HH(A /k)hsl —— XPHH(A /k)hs1 .

Naturality of the splitting in Lemma 7.4.5 implies that the preceding sequence may be rewritten as

HH(A®/k)" —— HH(A*/k)l, —— (SPHH(A®/k);5)" . (7.4.10)

Now observe that if Y is a spectrum with Cp-action and y € 71,(Y) (z € m,(Y)) so thato(y) =y
(0(z) = —z), thenid ® y € mphom (S"T°,SP ®Y) ~ 71,,2(S° ®Y) satisfies c(id ® y) = —id®y
(¢(id ® z) = id ® 2). In particular, there are isomorphisms 77, (S? ® Y)* ~ 7, ,YT. The result
follows from applying induction on * and the five lemma to compare the homotopy long exact
sequence of (7.4.10) with the SBI sequence of [Lod87]. O

A Parametrized module categories

Notation A.0.1. Let Com%E — FiinG,* denote the minimal G-co-operad of [NS22, Example 2.4.7].
Write p: Com%a — Span(Fing) for the corresponding fibrous pattern under the equivalence of
[BHS22, Proposition 5.2.14]. Endow Corn?;5 with the structure of an algebraic pattern where the

elementary objects are G/ H and inert morphisms are those whose image under the structure map
p are inert [BHS22, Definition 4.1.11].

There is a canonical orbit functor (—)g: Com%s 2 Span(Fing ,, all, V) /N Fin,.

Recollection A.0.2 ([BHS22, Definition 3.1.12]). Let P, O be algebraic patterns. A morphism of
algebraic patterns is a functor f: O — P which preserves elementary objects, inert morphisms, and
active morphisms. Given such an f, for each X € O, there is a functor

12,08, — P;I(X) / (A.0.3)

If the functor f§1 / 1s coinitial for al.l X € O, we say f is strong Segal. If the functor ff} , Is an
equivalence for all X € O, we say f is iso-Segal.

Lemma A.0.4. Let G be a finite group. Then the orbit functor (—)g: Com(%g — Fin, is strong Segal.

Proof. Unravel the definitions! Or combine Observation 4.1.14 and with an argument as in Example
5.2.17 of [BHS22]. O

Definition A.0.5. There is a canonical functor (—): Op,, — Op ., defined as a composite

Op,, ~ Fbrs (Fin,) % Fbrs (Comgg) ", Fbrs (Span (Fing)) >~ Opg o (A.0.6)
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where pullback along the functor (—)g of Lemma A.0.4 restricts to the appropriate functor by
[BHS22, Lemma 4.1.19 & Corollary B]. Then by Corollary 4.1.17 of loc. cit. postcomposition with p
takes fibrous Com%g -patterns to fibrous Span (Fing )-patterns. Given an ordinary co-operad 0%,

we will refer to its image under this functor as the constant G-co-operad at O and denote it by 0.
Remark A.0.7. If O% is an ordinary co-operad, there is a canonical functor O x T°P — O%.

Notation A.0.8 ([Lurl7, Remark 4.1.1.4, Definition 4.2.1.7, Definition 4.3.1.6]). Write Assoc®, LM®,
RM®, BM® denote the constant G-co-operads associated to the ordinary co-operads Assoc®, LM,
RM®, BM® under the functor of Definition A.0.5.

Remark A.0.9. Under the equivalence of [BHS22, Corollary 5.2.13], the G-co-operad Assoc® has
the same objects as Com%é The ‘forwards’ morphisms are those spans

fﬁ
<H><

u+——=27
Y —=
where the induced map Z — U xy Y is a summand inclusion, plus the data of a pair (f, <)
where f is equivalent to a fold map and for all x € X, an ordering on the orbits in the preimage
(¥ C z

Notice that for subgroups K < H < G, and some fold map g: G/H Un _ G/H, the set of orbits
of the domain G/K"" of ¢ xg,y G/K: G/K" — G/K is canonically identified with the set of
orbits of G/ H"". This, along with the lexicographic ordering of [Lur17, Definition 4.1.1.4], specifies

composition on Assoc®.
The canonical forgetful functor/operad structure map Assoc® — Fing , forgets the ordering.

—

Using these notions, we can formulate what it means for a [E;-monoidal G-co-category to act on
another G-co-category.

Definition A.0.10 ([Lurl7, Definition 4.2.1.13]). Letq: C® — Assoc® be a fibration of G-co-operads
and let M be a G-co-category. A weak enrichment of M over C® is a fibration of G-co-operads
q: O® — LM together with equivalences O ~ C% and O ~ M.

Let g: O — LM® exhibit M as weakly enriched over C®. Let LMod(M) denote the G-co-
category Alg, »,,(O), and refer to it as the G-co-category of left module objects of M. Composition

with the inclusion Assoc® — LM® gives a categorical fibration
LMod(M) = Alg, » 1 (O) = Alg pse0.(O) = Alg(C).

If A is an Assoc-algebra object of C (i.e. a global section of the G-co-category Alg(C), denote the
parametrized fiber (as a G-co-category) by LMod 4 (M).

Definition A.0.11. Let q: C¥ — LM be a fibration of Cy-co-operads. We say that g exhibits
C,carc, =: M as left-tensored over C c,c, if g is a coCartesian fibration of C;-co-operads.

Given q: C¥ — RM?, there is a similar notion of a C,-co-category being right-tensored over an
E;-monoidal Cp-co-category.
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Definition A.0.12. Letg: M® — LM®, p: N® — LM be cocartesian fibrations of Cy-c0-operads
so that M® x o0 Assoc” ~ N x e Assoc®” =: C¥. A C-linear functor from M e, to N2

LM - m¢<2/¢2
is a LM®-monoidal functor from M® to N'® which is the identity on C®.

Remark A.0.13. We write right- (resp. left-)tensored instead of ‘C, right- (resp. left-)tensored’
because we find the proliferation of Cy’s appearing in modifiers to be a bit unwieldy. We trust that
one can ascertain whether we refer to Definition A.0.11 or [Lurl?, Definition 4.2.1.19] based on the
context.

The following proposition is inspired by [NS22, Corollary 2.4.15].

Proposition A.0.14. For any co-operad O%, pullback along the functor of Remark A.0.7 induces a canonical
identification of O®-monoidal G-co-categories and ng-cocartesian families of O®-monoidal co-categories
([Lur17, Definition 4.8.3.1]).

Corollary A.0.15. Let C be a G-oo-category. Let A be an Eq-coalgebra in C, i.e. an [E -algebra in CV°P.
Then left comodules over A is right-tensored over C.

Proof. Follows from the results of [Lurl7, §4.3.2] and Proposition A.0.14. O

Corollary A.0.16. Let C® be an Assoc®-monoidal Cy-co-category. Under the equivalence of Proposition
A.0.14, a Cy-co-category M is left-tensored over C if and only if M defines a OOGp -cocartesian family of
oo-categories left-tensored over C in the sense of [Lurl7, Definition 4.8.3.9].

Corollary A.0.17. Let C be a [E;-monoidal T -co-category and let M be a T -co-category which is left-
tensored over C. Then the canonical forgetful functor LMod(M) = Alg ), »3,(O) — Alg .0 (O) =

Alg(C) is a T-cartesian fibration.
Proof. Follows from Proposition A.0.14 and [Lurl7, Corollary 4.2.3.2]. O

Corollary A.0.18. Let C be an IEq-monoidal T -oo-category and let A be a T -object of E{Alg(C). Let M be
a T -oo-category which is left-tensored over C and consider the parametrized module category LMod 4 (M).
Then its (non-parametrized) fibers satisfy

LMOdA(M)t ~ LMOdAt (Mt)

forall t € T, where the right-hand side denotes the non-parametrized left module category of, for instance
[Lurl7, §4.2.1].

Proof. By definition of parametrized mapping spaces (see [Sha23, §3]), under the equivalence of

Proposition A.0.14, the fiber LMod 4 (M); is given by (T/ t) *_cocartesian families of modules over

A ( /t) op . . /t op T .
e (T — Ct in M. The result follows from noting that (T ) has an initial object. O

Example A.0.19. Let C be a Cp-co-category. By Proposition A.0.14, Fun(C,C) is a [E;-monoidal
Cy-oo-category. Furthermore, C is left-tensored over Fun(C, C). On underlying co-categories, this
recovers the action of Fun(C¢, C?) on C¢ described in [Lurl7, Introduction to §4.7].

Proposition A.0.20. Let C be an [E,-monoidal Cy-oo-category, M a Cy-co-category which is left-tensored
over C, and let A be a T -algebra object of C. Suppose M is Cy-complete. Then
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(a) the Cy-oo-category LMod 4 (M) is Co-complete

(b) amap p: LMod 4 (M) is a T-limit diagram if and only if the induced map K& — M is a T -limit
diagram.

(c) given a morphism of algebra objects A — B of C, the induced functor LModg(C) — LMod 4(C)
admits a left T -adjoint.

Proof.  (a) By (the dual to) [Sha23, Corollary 12.15], it suffices to show that LMod 4 (M) admits
totalizations and all Cp-products. It follows from [Lurl?7, Proposition 4.2.3.3(1)] that the
category admits totalizations. By the dual to [Sha23, Proposition 5.11], we must show that
the restriction functor LMod 4 (M) — LMod4¢(M?€) admits a right adjoint. Since the
restriction functor M — M¢ is monoidal, its right adjoint G is lax monoidal. In particular,
the unit promotes to a map of [E;-algebra objects 17: A — G(A°). Now consider the composite

LMod ge (M€) G, LMod(ae) (M) L5 LMod 4 (M), Tt is right adjoint to the restriction
functor LMod 4 (M©2) — LMod 4¢ (M°).

(b) Follows from [Lurl7, Corollary 4.2.3.3(2)] and the proof of part (a).
(c) Follows from Corollary 2.1.13 and [Lur17, Corollary 4.2.3.3(3)]. O

Proposition A.0.21. Let C be an [E,-monoidal Cy-co-category, M a Cy-co-category which is left-tensored
over C, and let A be a T -algebra object of C. Suppose M is Cy-cocomplete, and that for each w: s — tin T
the left adjoint to the restriction map M; — M is monoidal. Then

(a) the Cy-co-category LMod 4 (M) is Ca-cocomplete

(b) amap p: LMod 4 (M) is a T -colimit diagram if and only if the induced map K= — M is a T -colimit
diagram.

(c) given a morphism of algebra objects A — B of C, the induced functor LModg(C) — LMod 4 (C) is a
left T-adjoint.

Remark A.0.22. Note that Proposition A.0.21 has a stronger assumption than Proposition A.0.20
because given a: s — tin 7 so that a* is monoidal, the right adjoint of a* is automatically lax
monoidal (and hence takes algebra objects to algebra objects), while the left adjoint to a™* is oplax
monoidal, hence does not a priori preserve algebra objects.

Proof of Proposition A.0.21. We prove (a); items (b) and (c) follow almost immediately from (a) as in
the proof of Proposition A.0.20.

By [Sha23, Corollary 12.15], it suffices to show that LMod 4 (M) admits geometric realiza-
tions and all Cy-coproducts. It follows from [Lurl7, Proposition 4.2.3.5(1)] that the category
admits geometric realizations. By [Sha23, Proposition 5.11], we must show that the restric-
tion functor LMod 4 (M) — LMod ¢ (M?€) admits a left adjoint. By assumption, the left ad-
joint L: M® — M to the restriction functor M — AM?¢ is monoidal. In particular, the
counit promotes to a map of Ej-algebra objects e: L(A°) — A. Now consider the composite

8*:(*®L(AL')A)
_—

LMod e (M) L LMody (e (M) LMod 4 (M©2). Tt is left adjoint to the restric-
tion functor LMod 4 (M©2) — LMod s (M°). O
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